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ABSTRACT 


The  inconsistencies  present  when  interactions  are 
introduced  into  a  spin  3/2  Lagrangian  are  examined.  At 
the  c-number  level,  there  exists  acausal  propagation,  while 
in  the  quantized  version,  certain  equal-time  anticommuta¬ 
tors  are  indefinite. 

First  considering  the  case  of  minimal  coupling,  we 
attempt  to  correct  the  situation  by  addition  of  a  scalar 
and  spin  1/2  field  and  then  by  a  spin  1/2  field  alone  to 
the  Lagrangian.  In  both  cases  the  problems  remain. 

We  then  consider  the  Bhabha-Gupta  theory  of  a  mixed 
spin  3/2  -  spin  1/2  field  with  two  different  mass  states. 
Causality  here  may  be  preserved  if  the  total  free  charge 
density  is  allowed  to  be  indefinite.  An  indefinite  metric 
is  thus  needed  upon  quantization,  where  we  find  the 
Johnson-Sudarshan  problem  with  the  anticommutators  dis¬ 
appears  for  the  independent  fields.  These  results  can  be 
partially  explained  by  examining  the  particular  choice  of 
the  coupling  constant,  which  actually  turns  the  secondary 
constraint  into  a  primary  constraint. 

Finally,  we  attempt  to  find  a  physical  explanation 
for  the  unsatisfactory  behaviour  of  interacting  higher  spin 
theories.  If  one  accepts  the  view  that  all  particles  with 
spin  s  >  3/2  are  not  elementary  but  composite,  then  such 
an  explanation  may  be  possible  in  light  of  the  fact  that 
the  Hamiltonian  in  the  corresponding  Schrodinger  equation 
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, 

p : 


is  non-local  for  higher  spin  fields.  However,  at  least 
in  the  mind  of  the  author,  the  question  as  to  whether  or 
not  we  have  put  enough  information  into  the  theory  ini¬ 
tially  to  justify  this  is  still  open. 


NOTATION 


In  order  to  avoid  possible  confusion,  the  conven¬ 
tions  used  in  this  work  will  now  be  described. 

Natural  units,  in  which  h  = c =  1,  are  used  through¬ 
out. 

A  four  vector  has  the  components 
x  =  (x  ,x)  . 


Summation  over  repeated  indices  is  understood.  Greek 

indices  assume  values  from  0  to  3,  while  Latin  ones  run 

from  1  to  3 .  Capital  Latin  spinor  indices,  used  only  in 

chapter  II,  assume  values  from  1  to  2 . 

The  metric  tensor  g  is  defined  as 

^yv 

=  diag (+1,-1, -1,-1)  . 

The  scalar  product  of  2  four  vectors  is  thus 


u  v  o  o  -*■-»- 
x«y  =  g  x^x  =  x  y  -  x*y 
1  yv 


We  assume  the  conventions 


p  =  i9 

y  y 


it  =  p  +  eA 

y  y  y 


As  well,  for  two  operators  A  and  B,  we  define 


[A, B]  =  AB  -  BA 
{A,B}  =  AB  +  BA  . 
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The  four  Dirac  matrices  y^1  satisfy 


r  y  VT  T  yv 
ly  ,Y  }  =  2gK 


When  required,  the  following  representation  is  employed 


Y°  = 


0  1 


1  0 


Yk  = 


n 

0  a 
k 

-a  0 


ol23 

y  =YYYY  =1 


0 


0  -1 


where  a  are  the  2x2  Pauli  matrices 
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CHAPTER  I 


STATEMENT  OF  THE  PROBLEM 


This  work  is  concerned  with  problems  associated  with 
the  theory  of  spin  3/2  fields.  Although  the  free  field  case 
is  devoid  of  problems,  inconsistencies  arise  when  inter¬ 
actions  are  introduced. 

In  chapter  II  we  present  the  theory  of  spin  3/2  fields 
without  interaction.  The  pioneering  work  here  was  done  by 
Dirac,  Fierz  and  Pauli  whose  formulation  was  in  terms  of 
spinors.  We  then  give  the  more  easily  handled  vector-spinor 
theory  as  proposed  by  Rarita  and  Schwinger. 

Chapter  III  explores  the  inconsistencies  present  when 
interactions  are  introduced.  We  first  concentrate  on  the 
minimally  coupled  Rarita-Schwinger  (RS)  field  with  an 
external  electromagnetic  field.  Interpreted  as  a  c-number 
theory,  there  exists  acausal  propagation,  while  indefinite 
equal-time  anticommutation  relations  are  found  in  the  q- 
number  theory.  The  same  two  problems  also  occur  for  the  RS 
field  coupled  to  a  spinor  and  a  scalar  field. 

In  chapter  IV  we  attempt  two  modifications  of  the  RS 
field  with  minimal  coupling.  We  first  try  a  combination  of 
the  two  interactions  discussed  in  chapter  III,  but  find  the 
undesirable  effects  do  not  cancel.  The  two  problems  also 
remain  when  a  spin  1/2  field  is  added  to  the  RS  field  by 
scalar  coupling. 


1 


. 


. 


2 


In  chapter  V  we  try  coupling  the  RS  field  to  a  spin 
1/2  field  by  derivative  coupling.  This  system  is  in  fact 
the  Bhabha-Gupta  (BG)  theory  of  a  mixed  spin  3/2  -  spin  1/2 
field  with  two  different  mass  states.  Causality  in  both 
the  case  of  electromagnetic  and  scalar-spinor  interactions 
can  be  retained  here,  but  at  the  expense  of  having  an 
indefinite  total  charge  for  the  free  field.  Upon  quantiza¬ 
tion,  we  find  this  indefiniteness  manifests  itself  as  an 
indefinite  metric  being  forced  upon  us  if  we  wish  to 
eliminate  the  anticommutator  problem  for  the  independent 
fields.  We  then  discuss  the  significance  of  the  particular 
choice  made  for  the  coupling  constant. 

We  finally  give  some  concluding  remarks  in  chapter  VI, 
with  a  general  outlook  on  the  area  of  higher  spin  theories 
being  offered. 


CHAPTER  II 


FORMULATION  OF  SPIN  3/2  THEORIES 


A.  The  Equations  of  Dirac 

The  discovery  of  the  Dirac  equation  for  particles  of 
spin  1/2  and  its  application  to  the  case  of  electrons 
prompted  the  search  for  equations  of  higher  spin  fields. 
Although  not  compelled  by  experimental  evidence  for  a 
theoretical  description,  there  was  no  reason  to  deny  the 
existence  of  higher  spin  particles  that  might  be  found  in 
the  future.  As  well,  such  a  set  of  equations  would  present 
a  more  unified  view  of  the  concept  of  spin  in  relativistic 
quantum  field  theory,  thereby  putting  the  theory  on  a  more 
logically  complete  foundation. 

Dirac  [1936]  was  the  first  to  give  a  systematic  pro¬ 
cedure  for  constructing  field  equations  of  higher  spin 
particles.  The  basic  field  operators  used  are  spinors  of 
various  degree,  according  to  the  spin  considered  (for 
some  basic  properties  of  spinors,  see  Appendix  I).  For 
spin  3/2,  two  symmetric  spinors 


.  C  c 
^AB  =  *BA 


,  AB  .BA 
*C  =  *C 


are  used.  They  satisfy  the  equations 


BC  .  A  ,  AC  .  B  0  , AB 
P  ^CD  +  P  ^CD  =  2m  *D 


(2.1a) 


3 


4 


.CD  .  .CD  .  ,  D 

p  •  $  +  p  .  <p  =  2m  ip 

AC  B  BC  A  AB 


subject  to  the  conditions 


B  .  A  n  B  .AC 

p.  ip  =  0  =  p.  <b 
A  BC  B 


(2.1b) 


(2.2) 


The  constraints  (2.2)  impose  eight  conditions  on  the 
16  components  of  the  field,  leaving  eight  components  to 
describe  a  spin  3/2  field.  The  two  fields  eliminated  are 
described  by  spin  1/2  for  rotations  in  spin  space.  This 
elimination  is  necessary  to  ensure  that  the  total  charge 
density  is  positive  definite,  thereby  enabling  the  field 
to  be  quantized  in  the  usual  manner.  However,  the  spin  1/2 
fields  are  needed  if  the  total  energy  is  to  be  positive 
definite.  We  shall  encounter  this  difficulty  again  when 
we  consider  the  Bhabha  equation  for  a  mixed  spin  3/2  -  spin 
1/2  system  [Bhabha,  1952] . 


B.  The  Fierz-Pauli  Modification 

Electromagnetic  coupling  in  Dirac's  equations  was 
assumed  to  be  accomplished  by  the  minimal  substitution 

8  +  9  -  i  e  A 

y  y  y 

where  A^  are  the  electromagnetic  potentials.  However,  Fierz 
and  Pauli  [1939]  observed  that  an  algebraic  inconsistency 
arose  if  this  prescription  was  used.  In  effect,  a  relation 
derived  from  one  of  (2.1)  was  incompatible  with  (2.2). 


■ 


To  solve  this  dilemma,  they  suggested  that  the  field 
equations  (2.1)  and  (2.2)  be  derived  from  a  Lagrangian  by 
a  variational  principle.  Two  auxiliary  fields  were  intro¬ 
duced  such  that  the  desired  equations  were  obtained  in  the 
free  field  case.  With  no  interaction  terms  present,  these 
auxiliary  fields  vanished  identically.  Upon  introduction 
of  minimal  coupling,  the  constraints  that  followed  in 
general  involved  the  auxiliary  fields.  The  eight  indepen¬ 
dent  components  left  upon  use  of  these  constraints  then 
described  a  pure  spin  3/2  state.  The  difficulties  found  in 
Dirac's  equations  were  eliminated,  and  a  consistent  method 
for  describing  charged  spin  3/2  fields,  as  well  as  those  of 
higher  spin,  was  thought  to  be  available. 

C.  The  Rarita-Schwinger  Formalism 

Another  formulation  of  the  theory  of  spin  3/2  fields 
was  given  by  Rarita  and  Schwinger  [1941] .  In  this  approach 
the  fields  are  described  by  a  16  component  vector  spinor 
\p  ,  with  each  of  the  four  vector  indices  representing  a 

y 

Dirac  four-spinor.  This  feature,  together  with  the  fact 
that  the  Lagrangian  is  composed  of  the  Dirac  matrices,  make 
manipulations  easier  in  this  formalism, 
i)  The  Nature  of  Constraints 
The  Lagrangian  is  given  by 

X  =  ;j;y (ra)  VP  -  x,  (2.3) 

Vi  a  v 


where 


■ 


6 


rU  y*^  o 

V  =  ip  Y 

p  =  id 
a  o 

and  X  is  an  invariant  function  of  the  field  ib  and  any 

y 

additional  fields  to  which  it  is  coupled.  The  four  16x16 

matrices  (ra)  V  are  Hermitian  in  the  sense  that 

y 

[y°cra)  v]+  =  y°(ra)v  =  (a<V  • 

r1  r4  M 

The  Euler-Lagrange  equations  following  from  (2.3)  are 


(A  )  p  ip 
y  Yv 


=  Y 


o  SK 


Sip 


y 


(2.4) 


where 


sx  =  iiL  _ 

-7U  PV 

OiJj  3t|) 


3X 


3 (PV^P ) 


It  may  occur  that  the  matrix  Au  is  singular,  in  which 
case  constraints  arise  in  the  following  manner.  (Constraints 
here  will  be  taken  to  mean  relations  among  the  field  compo¬ 
nents  which  do  not  involve  time  derivatives.) 

Let  PQ  be  the  projection  matrix  associated  with  the 

o  2 

zero  eigenvalue  of  Au ,  so  that  PA  =0,  with  (P  )  =P  . 

o  o  o 

Operating  on  (2.4)  with  Pq  then  gives  the  constraints 


__  /7,k.  v  ^  o  S?t 

P  (A  )  p.  ip  =  P  y  — — 

o  y  ^k  o'  ^y 


(2.5) 


Now,  by  considering  the  invariance  of  equation  (2.4)  under 
an  infinitesimal  Lorentz  transformation. 


V 
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x  -*■  x 

y  y 


X 

y 


+  e 


x 

V 


^(x)  -►  ^'(x')  =  (1  +  e1JVS  )ip(x)  , 

r* 


we  obtain  the  relation 


[ra,S  ]  =  i(Tga  -  rga) 
yv  y^v  vyy  ' 


In  particular. 


r°s  .  -  s  .  r°  =  -ir, 

ok  ok  k 


A°S 


o.  o 


ok 


■  Y  SokY  A  =  -iAk 


We  thus  arrive  at 


PAP  = 
o  k  o 


so  we  can  write 


0 

(2.5) 


as 


P 

o 


(1  -  P  )  ip 

o  rv 


(2.6) 


These  are  called  primary  constraints  as  they  result 
from  the  kinematics  of  the  field  (i.e.  the  singular  nature 
of  A°)  ,  the  components  P^ip  being  independent  of  the  dynami¬ 
cal  term  •  They  are  to  be  distinguished  from  possible 
secondary  constraints  which  define  another  set  of  components 
whose  structure  will  depend  on  JC  • 

Since  the  left  side  of  (2.6)  does  not  involve  the 
components  P  tJj,  two  possibilities  arise.  One  is  that  the 
structure  of  the  right  side  is  such  that  all  of  the 


■ 
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components  Pqi|;  are  expressed  in  terms  of  (1-P  )t|>  by  (2.6). 
Substituting  (2.6)  into  (2.4)  will  then  give  the  equation 
of  motion  for  the  independent  components  (l-PQ)ij;.  The 
other  possibility  is  that  (2.6)  leaves  some  or  all  of  the 
components  P  ip  undetermined,  giving  instead  additional 
constraints  on  (1-Pq)^.  When  (2.6)  is  then  used  in  con¬ 
junction  with  (2.4),  new  secondary  constraints  will  emerge 
which  involve  the  dynamical  term  . 

In  their  classic  paper,  Johnson  and  Sudarshan  [1961] 
showed  that  secondary  constraints  must  occur  if  the  field 
is  to  be  quantized  according  to  Fermi-Dirac  statistics  and 
the  spin  of  the  field  is  greater  than  1/2.  To  do  this, 
they  first  constructed  the  generator  of  infinitesimal  trans¬ 
formations  of  the  field  ip  (see  Schwinger  [1953]  and  Roman 
[1969] ) , 

Sip  =  i  [G, ^ ] 


where 


G  =  i 


<PoV 


-)  Sip  d  y  =  i 


* 


(A°) 


V 


y 


Sipvd3y 


(2.7) 


If  there  were  no  constraints  on  the  components  ip  =  (1-P  )ip, 
then  with  the  aid  of  this  generator  the  following  equal¬ 
time  anticommutation  relations  (ETACR)  could  be  derived: 


{^(x),^(y)}6(xo-yo)  =  [  (1  -  PQ>  Aq  (1  -  PQ>  ]  6  (S-y)  • 


(2.8) 


The  matrix  A°  is  to  be  inverted  in  its  nonsingular 
subspace.  Since  the  left  side  of  (2.8)  is  positive 
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definite,  the  right  side  must  also  be.  However,  as  Johnson 
and  Sudarshan  [1961]  showed,  A°  is  positive  definite  only 
if  it  is  a  multiple  of  the  unit  matrix  and  the  spin  of  the 
field  is  1/2;  otherwise,  it  is  indefinite.  Thus,  for 
theories  of  spin  3/2  or  greater,  there  must  exist  addi¬ 
tional  (secondary)  constraints  on  the  components  ( 1  —  P  )  ip 
so  that  (2.8)  does  not  follow  from  (2.7).  This  is  because 
only  independent  components,  not  related  by  constraints, 
are  allowed  in  the  expression  for  the  generator. 

ii)  The  Lagrangian 

Having  discussed  the  nature  of  constraints,  we  now 
proceed  with  the  formulation  of  the  Rarita-Schwinger  (RS) 
Lagrangian.  The  most  general  form  of  the  matrices  (ra)^V, 
consistent  with  Hermiticity  and  a  description  of  Fermi- 
Dirac  statistics,  is 

-(ra)/  =  Yaguv  +w(g)jV  +  gvaYy>  +%yV 

where  W  and  K  are  real  parameters.  The  matrix  A° = y°r° 
has  eigenvalues  x  satisfying 

(x  -  l)8  [X2  +  2  (W  +  2K)x  +  (2K  -  3W2  -  2W-  1)  ]4  =  0  , 

so  is  indefinite  as  required.  It  may  be  made  singular  by 
taking 

K  =  j  (3W2  +  2W  +  1) 
in  which  case  the  eigenvalues  solve 

x4 (x  -  1) 8 [x  +  2 (3W2  +  3W + 1) ]4  =  0  . 


. 
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The  eigenvectors  of  the  eigenvalues  0  and  -2(3W  +3W+1) 
will  be  seen  to  transform  as  spin  1/2  spinors,  but  that 
corresponding  to  the  eigenvalue  1  will  not  simply  be  des¬ 
cribed  as  a  spin  3/2  object. 

The  parameter  W  is  still  left  undetermined.  To  find 
its  significance,  consider  the  point  transformation  of  the 
field  components 


ib  ib  =  ib  + 

y  y  y 


ay  y 

y 


The  transformed  Lagrangian  then  has  exactly  the  same  form 
as  (2.3),  with  W  being  transformed  as 


W  W'  =  W(1  +  4a)  +  2a  . 


Except  for  a  =-1/4,  when  the  transformation  is  singular, 
this  has  no  bearing  on  the  structure  of  the  set  of  compo¬ 
nents  described  by  spin  3/2.  The  value  of  W  simply 
determines  the  two  sets  of  spin  1/2  components,  and  is 
without  physical  significance. 

In  the  following,  we  choose  W=-l/3,  fixing  the 
eigenvalues  corresponding  to  the  two  spin  1/2  components 
to  be  0  and  -2/3.  The  projection  matrices  are  then 


(po>y 


V 


0 

0 

0 

0 

1 

0 

i — 1 

>- 

r— 1 

>- 

2 

YjY 

>- 

i — 1 

>- 

3 

0 

1 

Y  2Y 

2 

y2y 

y2t 

0 

v. 

1 

y3y 

2 

Y3Y 

Y3Y 

. 
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(p  9/9) 

“2/3  y 


V 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


The  two  spin  1/2  components  are  therefore  y •  ip  and  ip  , 
respectively.  The  spin  3/2  components  are  described  by 


the  set 


*k  E  <9-Po  -  P-2/3>vVK 
=  (gk£  '  J  Vl)  h 


We  can  write  for  the  term  X  in  (2.3) 


X  =  X'  -  ip11  B  v  ip 

y  rv 


where 


B  V  =  -m(g  V  +  Tv  yV) 
y  ^y  y 1 


The  primary  constraint  (2.6)  becomes 


P  (Ak)  V  p  (1  -  P  )t|;  +  P  y°B  Vip  =  P  y° 

o  'y  o  yv  o '  y  o'  ^-y 

or 

P  [  (Ak)  V  p  +  y°B  V]  (1  -  P  )\p  +  P  y°B  VP  ip  =  P  Y° 

o  y  1  y  o  o'  y  oyv  o’  ^-y 


If  secondary  constraints  imposed  on  the  components  (1-P  )i|; 

are  to  emerge  from  this,  then  P  y°B  VP  must  vanish.  We 
3  o  '  y  o 

find  this  occurs,  if,  for  W  =  -l/3,  T  is  taken  to  be  -1/3. 


i sbno;)-)3  it 
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Thus,  the  Lagrangian  for  the  free  spin  3/2  field, 
where  X'  = 0 ,  can  be  written  in  the  form 


X=  ^(r-p-B)^  ^ 


(2.9) 


where 


iii)  Introduction  of  Minimal  Coupling 


The  comments  made  concerning  minimal  coupling  in  the 
Dirac  spinor  theory  also  apply  in  the  vector-spinor  forma¬ 
lism.  With  the  Lagrangian  (2.9),  we  can  derive  the 
equations  of  motion 


Contracting  with  y^  and  p^1  yields,  respectively. 


(2.11) 


my  =  -  2p-ip 


1  2 

mp  •  iJj  ~  j  my  •  py  •  \jj  +  y  y  •  pp  •  ip 


(2.12) 


Substituting  (2.11)  into  (2.12)  leads  to  the  conclusions 
that,  for  m  /  0 , 

p  •  \p  =  0  =  y  •  ip 

Thus,  the  equations  (2.10)  are  equivalent  to  the  system 
(y  *p  -  m)  tjj  =0 

with  p*i[>  =  0  =  y  .  (2.13) 


. 


* 

13 


If  we  were  now  to  subject  (2.13)  to  minimal  coupling  by 


tional  constraint 
Y  'F»ip  =  0 

which  is  incompatible  with  the  other  equations.  Hence, 
minimal  coupling  must  be  introduced  from  the  outset  in 
equation  (2.10)  in  order  that  such  algebraic  inconsisten¬ 
cies  be  avoided. 

iv)  An  Equivalent  Form  of  the  Lagrangian 
Before  proceeding  with  an  analysis  of  the  field  with 
electromagnetic  coupling,  we  shall  find  it  advantageous  to 
cast  the  Lagrangian  (2.9)  into  a  form  which  involves 
explicitly  the  spin  3/2  and  two  spin  1/2  components.  This 
formalism  is  due  to  Dr.  Y.  Takahashi  [personal  notes] . 

The  equivalent  form  of  the  RS  Lagrangian  is 


(2.14) 


where 


o 


2 

3 


k 


0 


m 


m 


o 


o 


o 


0 


:  n  i 


. 


. 
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(y  *p  +  m) 


“Y 

1 
~  3 


o 


(y 


-> 

P  + 


m) 


1  /  ,  2  ->  ->  > 
=  3  <m  +  J  Y-P) 


rk  -  1  ok 
C  =  T  Y  P 


The  Euler-Lagrange  equations  following  from  (2.14)  are 


mVp<j>+AV(f)  +(C)tA  =  0 

U  o  y  y 

(2.15) 

Cy<J)  =  0  . 

y 

(2 .16) 

Equation  (2.16)  reads 

/  ,  2  -*  ,  ,  o  k  ,  A 

(m  +  j  y.p)  \pQ  +  y  p  <j>k  =  0 

which  is  the  primary  constraints  expressing  the  spin  1/2 
field  ip  non-locally  in  terms  of  the  spin  3/2  field. 

The  secondary  constraint  is  obtained  by  multiplying 
(2.15)  by  d^1  =  CV  (m  ^)  ^  and  using  (2.16).  We  obtain 

dyAu%v  +  (d-c+)X  =  0  -  d-c+  s  dU(Cu)t  • 

This  can  be  solved  for  A  to  give 

A  =  XQ  -  (d-c+)  dyAuV<f.v 

where 

(d*c+)  Aq  =  0 

The  field  A  will  not  be  given  uniquely  in  terms  of  the 

fields  d>  if  a  non-trivial  A  exists.  Such  a  A  does  in 
r  v  o  o 


'f  ' 
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fact  exist  for  the  RS  field  in  interaction  with  an  electro¬ 
magnetic  field,  leading  to  two  inconsistencies  in  the  theory 
which  we  shall  next  examine. 


CHAPTER  III 


INCONSISTENCIES  OF  THE  INTERACTING  RS  FIELD 

A.  Coupling  to  an  External  Electromagnetic  Field 

As  mentioned  previously,  two  basic  inconsistencies 
arise  when  one  attempts  to  take  into  account  interactions 
in  the  RS  theory.  The  first  interaction  we  shall  consider 
is  minimal  coupling  to  an  electromagnetic  field. 

Throughout  this  work,  we  shall  confine  ourselves  to 
an  external  electromagnetic  field,  the  potentials  A^  taken 
to  be  classical  entities. 

i)  Presence  of  Acausal  Propagation 

Velo  and  Zwanziger  [1969a]  noted  that  acausal  propa¬ 
gation  was  possible  in  the  classical  RS  field  with  minimal 
coupling  in  that  propagation  at  speeds  greater  than  that  of 
light  was  possible.  To  do  this,  they  showed  that  the  RS 
equation  was  equivalent  to  a  system  of  hyperbolic  differen¬ 
tial  equations  with  initial  conditions.  By  the  method  of 
characteristics,  briefly  outlined  in  Appendix  II,  one  can 
compute  the  ray  velocities.  To  illustrate  the  method  we  now 
show  this  calculation. 

The  RS  equation  (2.10)  with  minimal  coupling  is 
(y.ir-m)  *  -  |  (Y,/V  +  "UYV)  +  J  Yu  (yir  +  m)  yt  =  0  .  (3.1) 

The  maximum  velocity  of  propagation  will  be  given  by  the 


16 
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slope  of  the  characteristic  surfaces.  Causal  propagation 
relies  on  the  fact  that  no  propagation  can  occur  outside 
the  light  cone.  We  will  now  demonstrate,  by  calculating 
the  normals  to  the  characteristic  surfaces  of  the  system 
(3.1),  that  this  condition  is  violated. 

As  discussed  in  the  previous  chapter,  constraints 
are  present  in  the  RS  equation  of  motion.  Before  calculat¬ 
ing  the  normals,  we  must  first  eliminate  these  constraints 
in  order  to  obtain  the  true  equation  of  motion. 

By  contracting  (3.1)  with  tt*-1  and  y^1  we  obtain, 
respectively, 

2  ie 

—  y  •  tttt  •  ip  +  -g—  y  •  F  •  yy  •  ip  —  iey  »F —  mir  •  ip 

+  j  y-Tiy-l  =  0  (3.2) 

tt  •  ip  =  —  ^y*^  (3.3) 


where 

y.F.ij;  =  y^F  \pV 
1  yv 

_  y  _  v 

y.F.y  =  y  F  y 

Here,  we  have  used  the  relation 


[tt  ,  tt  ]  =  ieF,,^ 

L  y'  v  yv 

The  primary  constraint  results 
nent  of  (3.1)  and  using  (3.3). 

2  “V .  o  k  i 

(m  +  j  y.Tr)  ipQ  +  y  tt  (j)k 


from  taking 
It  is 

=  0 


the  zeroth  compo 

(3.4) 


which  is  identical  to  (2.16),  with  P^  +  tt^  . 


. 
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The  secondary  constraints  are  obtained  by  substituting  (3.3) 
into  (3.2)  and  using  the  relations 

(Y-tt)  2  =  TT2  +  Y •  F •  y 

ie  ~ 

— _  Y*F*YY*^  -  ieY*F*i|;  +  ieYr-Y'F.^  =  0 
^  5 


where 


F  =  —  e  a^F 
yv  2  yv  a  A 


is  the  dual  tensor  to  F 


yv 


Y  *  ^  [Y  c-Y  *  F*  ^  + 

3m  D 


The  secondary  constraint 
2  y  •  F  •  ip  ] 


is 


(3.5) 


Using  (3.3),  we  also  obtain 

n'^  =  ™  fm  tY5Y-F-^  +  2y  -  F  -  ip  ]  .  (3.6) 

The  true  equation  of  motion  results  by  substituting 
(3.5)  and  (3.6)  into  (3.1),  which  becomes 


ie 


(Y-tt  -  m)  ij;  +  ^  Y^  [y5Y-F-t|;  +  2 y  -  F  -  ip  ] 


2ie 


9m' 


y  [tt  -  Y^Y-71  ~  m]  [y_Y*F.^  +  2y*F-^]  =  0  . 

^  (J  u  s 


y 


(3.7) 


The  normals  n  to  the  characteristic  surfaces  are  computed 
by  substituting  n^  for  the  highest  derivative  of  the  field 
components  in  (3.7).  The  characteristic  determinant  being 
a  polynomial  in  the  components  of  n  ,  we  can,  by  Lorentz 

y 

invariance,  take  n  =  (n, 0,0,0)  and  put  the  result  into 

y 

covariant  form  at  the  end.  We  obtain  for  the  characteristic 
equation 


■ 

/ 
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D(n)  = 


o 

ny  g 


2ie 


uv  9m2  (3ou‘Vo)(Y5YaFv  +  2VUv) 


=  n16[l  -  (-2^-) 2  B2]4 
3m 


,  9  4  ?  2e^  ~2^ 

=  (nz)  [n  +  (-=%-)  (n-Fr]  =  0 

3m 


(3.8) 


where  we  have  put  the  equation  in  covariant  form  in  the  last 
step.  This  is  the  equation  which  determines  the  normals  to 
the  characteristic  surfaces  which  pass  through  each  point. 

It  is  now  evident  that  (3.8)  allows  for  propagation 
outside  the  lightcone  in  some  Lorentz  frame.  This  requires 
the  existence  of  a  timelike  normal  satisfying  (3.8).  For 
example,  if  we  choose  n  =  (1,0, 0,0),  then  we  require 

pi 


..  ,  2e  ->2  _ 

1  -  ( - j)  B  =  0 

3m 

which  is  satisfied  in  some  Lorentz  frame  whenever  a  non¬ 
vanishing  electromagnetic  field  exists.  Indeed,  the  system 
loses  its  hyperbolicity  if 


1  -  (-^%)2  B2  <  0 
3m 

as  there  then  exist  normals  with  complex  components  which 
satisfy  the  characteristic  equation.  It  might  be  hoped 
that  the  constraints  eliminate  these  difficulties  but,  as 
Velo  and  Zwanziger  [1969a]  showed,  the  constraints  are 
preserved  in  time  and  there  exist  disturbances,  compatible 
with  the  constraints,  which  propagate  outside  the  lightcone. 


■ 


‘ t  , 


. 

,  ( 
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This  demonstration  of  acausal  propagation  has  been  a 
great  source  of  worry  to  theoretical  physicists.  Here  is  a 
system  of  equations  which  describes  a  free  spin  3/2  parti¬ 
cle,  written  in  a  Lorentz  covariant  form.  However,  when 
minimal  coupling  is  introduced,  one  of  the  basic  postulates 
of  special  relativity  is  violated.  Shamaly  and  Capri  [1972] 
attempted  to  correct  the  situation  by  the  addition  of 
general  Pauli  terms,  but  found  the  acausality  was  only 
enhanced.  Inclusion  of  the  internal  electromagnetic  field 
was  also  found  to  be  unsuccessful  in  curing  the  problem 
(Capri  and  Shamaly  [1974]).  Evidently  writing  Lorentz 
covariant  equations  does  not  automatically  guarantee  that 
the  postulates  of  special  relativity  will  be  satisfied. 

ii)  Existence  of  Indefinite  Equal-Time 
Anticommutation  Relations  (ETACR) 

A  second  inconsistency  of  the  minimally  coupled  RS 
field  was  demonstrated  by  Johnson  and  Sudarshan  [1961] .  In 
their  work,  they  calculated  the  equal-time  anticommutation 
relations  (ETACR)  between  the  field  components  and  found 
certain  ones  indefinite,  whereas  they  should  be  positive 
definite  by  definition.  To  display  the  calculational 
technique,  we  will  now  derive  these  results. 

We  construct  the  generator  of  infinitesimal  trans¬ 
formations  of  the  field  components 

Sip  =  i[G,Tj;] 


where 


,  I 
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o  pi 

G  =  +  i  cTy  r-7^  ,  .  Sil) 

j  3(P0^> 

From  the  form  of  the  Lagrangian  (2.14),  we  find 


(3.9) 


G  =  -i 


•j* 

d  y(<t>k  «4>k  +  f  i|>°  6^1 


(3.10) 


Only  those  field  components  which  are  independent  are  to  be 
used  in  the  expression  for  the  generator.  By  substitution 
of  the  primary  constraint  (3.4), 


Y°^  = 

1  ro 


r  2  ->■  ”1  k 

-  [m  -  J  yir]  tt  4>k 


and  its  Hermitian  conjugate  into  (3.10),  we  find 


G  =  -  i 


o  2  m1*  -  k 

dyir  +  J  (J)m  TTmATT  ]  6  4>k 


(3.11) 


where 


A  = 


r  2  4  /->•  +,2.  ^ 

[m  -  5-  ( y  -  tt  )  ] 


The  ETACR  may  now  be  derived  using  (3.11).  We  find 


6<J>k  (x)  =  i  [G,<j>k  (x)  ] 


d3y[4>mt(gm£  +  j  7TmA7r£)  ^  (x)  ] 


Using  the  identity 


[AB,C]  =  A{ B, C)  -  { A, C) B  , 


we  find 

6<j>k  (x)  =“ 


d3y  {c()m+  (y)  ,4>kCx)  }  (gm^  +  f  t^Att*)  6<l>z  (y) 


assuming  {  <5  <f>^  Cy)  /  <J>k  (x)  }  -  0 


{<j>k^x)  ,(f>z  (y) }  =  0 


(3.12) 
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Taking  the  ETACR  of  the  form 

(gi^  -  j  TriA7T^  )  P^n6  (x-y)  , 


we  find  (3.12)  is  satisfied  if 

A-A-j  A[tt^+j  ( y  -  tt  )  ^  ]  A  =0  . 

With  A  given  by  (3.11),  we  therefore  conclude  that 

A  r  2  2 e  -*■  —1 

A  =  [m  +  —  a  •  B] 


(x)  ,<j)n+ (y)  }6  (xQ-yQ)  = 


where 


l  _ 


= 


i 


'  3  W 


with 

■+  -> 
a  •  B 


-*2 

7T 


(y  •?) 


r 


a  being  the  vector  formed  from  the  antisymmetric  tensor 
yty-zY.]  •  Thus,  we  have  arrived  at  the  ETACR 

{<f>k  (x, )  (f)5"  (y)  }  =  -Pj.1  (gi'’  -  j  iriAu-' )  P S  (x-y) 

with  A  =  [m2  +  .  (3.13) 

Using  the  primary  constraint  (3.4),  we  can  calculate 

k 

other  ETACR.  Operating  on  (3.13)  with  tt  from  the  left,  we 
obtain 

{^o  (x)  ,  (p^  Cy)  }  =  y°  (m  +  j  y  -tt)  Airk  6  (x-y)  .  (3.14) 

Operating  on  (3.14)  by  t r  from  the  left,  we  get 


•7  r'  *. 


x 


' 
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{^o  (x)  (y)  }  =  |-[  Cm  +  j  y  •  n )  A  (m  -  y  -  it)  -  1]  5  (x-y)  .  (3.15) 

These  ETACR  are  local,  in  spite  of  the  non-local  character 
of  the  constraint  (3.4).  Anti commutators  involving  the 
other  spin  1/2  field  y-y  will  also  be  local,  as  y*^  is 
given  locally  by  the  secondary  constraint  (3.5). 

We  now  show  there  is  an  inconsistency  present  in 
these  relations.  For  simplicity,  consider  (3.15).  Let 

4* 

X(x)  be  an  arbitrary  spinor.  Multiplying  (3.15)  by  x  (x) 
from  the  left  and  x(Y)  from  the  right  and  integrating  with 
respect  to  x  and  y  yields  the  relation 


xf(x)  {ipQ  (x)  rifj^(y)  Jx  (y)  dx  dy  = 


x+(x)  [  (m  +  y  y  -tt  )  A  (m  -  j  y-TT)  -  l]y(x)  dx  •  (3.16) 


2  + 


2 


Since  the  left  side  of  (3.16)  is  positive  definite,  the 
right  side  must  also  be.  However,  if  we  define 


2  ^  y 

(J)  (x)  =  (m  -  J  y  -ttJx  (x)  / 


then  the  right  side  of  (3.16)  becomes 


3 

2 


cf>f  (x)  [A  -  A]  cj>  (x)  dx 


where 


A  =  [m2  +  (|)2(Y^)(Y-^)+] 


-1 


which  is  a  positive  definite  operator.  However, 


2  2  e  -*•  i  — 1 

A  =  [m  +  -y  o  •  B] 


t  •  » 


. 
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is  positive  only  if 


Consequently,  the  right  side  of  the  relation  (3.16)  becomes 
negative  for  a  sufficiently  strong  magnetic  field,  whereas 
it  should  always  be  positive  definite  by  definition. 

This  again  is  a  very  troublesome  result.  The  RS 
theory  with  minimal  coupling  is  formally  Lorentz  covariant 
in  the  sense  that  the  equations  have  the  same  form  in  all 
Lorentz  frames.  However,  the  work  of  Johnson  and  Sudarshan 
shows  that  inconsistencies  arise  only  in  those  frames  where 
the  magnetic  field  is  sufficiently  strong;  in  other  frames, 
no  inconsistencies  are  present.  Whereas  the  Velo-Zwanziger 
result  violated  the  postulate  of  special  relativity  that  no 
propagation  can  occur  with  a  speed  exceeding  that  of  light, 
this  result  seems  to  violate  the  other  postulate  of  special 
relativity  that  physical  laws  should  be  independent  of  the 
particular  Lorentz  frame  in  which  they  are  derived.  Incon¬ 
sistencies,  if  they  are  to  occur,  should  be  present  in  all 
observer  frames.  This  reinforces  the  claim  that  the  postu¬ 
lates  of  special  relativity  and  the  writing  of  equations  in 
a  Lorentz  covariant  form  are  not  necessarily  compatible. 

B.  Coupling  to  a  Spinor  and  a  Scalar  Field 

A  question  that  comes  to  mind  is  if  the  problems 
associated  with  minimal  coupling  are  unique  in  the  sense 
that  acausality  and  the  indefiniteness  of  the  anti- 
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commutators  is  limited  to  this  interaction. 

All  spin  3/2  particles  known  in  nature  so  far  decay 

into  a  scalar  and  a  spin  1/2  particle.  For  example,  the 

* 

decay  scheme  of  the  N  is 
* 

N  — *•  Ntt  . 

It  is  of  some  physical  interest  then  to  explore  the  spin 
3/2  field  in  interaction  with  a  nucleon  field  and  a  pseudo¬ 
scalar  boson  field.  We  shall  see  that  the  same  sort  of 
problems  that  persist  in  the  case  of  electromagnetic 
coupling  also  occur  here. 

The  Lagrangian  for  the  RS  field  in  interaction  with 
a  spinor  field  x  an<3  a  pseudoscalar  field  p  is  given  by 

<£  =  (r -p  -  +  X  (Y'P  -  M)X  -  j  (pvppvp  +  p2p2) 

“f^9yvxpVp  "  f  X  evy 

where 

9  =  g  -  hy  y 

yv  ^yv  y'v 

The  real  constant  h  is  in  fact  fixed  by  the  requirement 
that  constraints  exist  for  the  components  ik  . 

Nath  et  al  [1971]  were  the  first  to  suggest  this 
type  of  coupling  with  the  aim  of  explaining  the  spin  3/2 
contribution  to  ttN  scattering  data.  In  this  paper,  it  was 
concluded  that  the  anticommutation  relations  did  not  suffer 
from  the  Johnson-Sudarshan  difficulty.  However,  Hagen 
[1971]  showed  that  these  conclusions  were  in  error.  By 
quantizing  the  fields  according  to  Schwinger's  action 


_  ^  _ 

-  ’  £■ 
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principle,  he  obtained  the  following  ETACR : 


j4 

Cy),xCx)}  =  m  A6(x-y)  (3.17) 

{ * 1  Cy)  ,*ktx)  }  =  -  Pj^Cg.^  -  j  P^p-’jP  .*«  (x-y)  (3.18) 


where 


A  = 


r  2  2 
[m  -  3 


_p2  .  2 1  “1 

f  (PP)  ] 


(For  a  complete  listing,  see  Hagen  [1971]  )  . 

These  relations  are  indefinite  for  any  pp  £  0,  as  may  most 
easily  be  verified  by  examining  (3.17).  The  similarity  of 
(3.18)  to  that  obtained  for  minimal  coupling  (see  3.13)  is 
remarkable . 

Singh  [1973] ,  and  later  Tait  [1973] ,  showed  that, 
interpreted  as  a  classical  theory,  there  is  acausal  propa¬ 
gation  present.  As  well  as  the  usual  lightcone  charac¬ 
teristics,  there  are  normals  to  the  characteristic  surfaces 
satisfying  the  equation 


2  2  f  r  /  P  \  2  2  ,  pi  .  ,  n 

n - y  [  (n  p  p)  -n  (p  pp„p)]  =  0  . 

3m  v  11 

If  it  is  required  that  t = constant  is  a  characteristic,  then 
we  obtain  the  condition 

,  2f 2  v  2  n 

1  -  — o  (pp)  =0 

3m 

which  is  satisfied  for  a  non-trivial  p.  This  form  is  again 
very  similar  to  the  same  condition  obtained  for  the  electro¬ 


magnetic  case. 


1  -  (-^%)2 
3nT 


=  0 


‘ 


■ 
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The  results  presented  in  this  chapter  suggest  that 
the  problems  of  causality  and  the  indefiniteness  of  the 
anticommutation  relations  are  related.  The  difficulties 
in  both  the  c-number  and  q-number  theories  occurred  in  a 
similar  set  of  Lorentz  frames  (i.e.  where  B  and  pp  were 
sufficiently  strong).  As  well,  the  problems  were  not 
restricted  to  one  type  of  interaction.  This  leads  to  the 
hope  that  resolving  one  of  the  problems  will  lead  to  a 
solution  of  the  other  one. 


CHAPTER  IV 


MODIFICATIONS  OF  THE  MINIMALLY  COUPLED  RS  FIELD 


A.  Addition  of  an  External  Scalar  and  a  Spinor  Field 

As  was  discussed  in  the  previous  chapter,  the  RS 
field  in  interaction  with  a  scalar  and  a  spinor  field  as 
well  as  with  minimal  coupling  suffers  two  inconsistencies. 
It  would  be  interesting  to  see  if  a  combination  of  the  two 
interactions  might  lead  to  a  consistent  theory.  An  example 
of  combining  two  acausal  interactions  that  leads  to  a 
satisfactory  theory  has  been  given  by  Shamaly  and  Capri 
[1972]  for  the  Takahashi-Palmer  spin  1  Lagrangian.  If 
such  a  cancellation  of  the  undesirable  effects  is  to  occur 
here,  then  the  scalar  field  p  will  have  to  become  depen¬ 
dent  on  the  electromagnetic  field.  Consequently,  we  will 
consider  an  external  scalar  field  in  the  interaction. 


i)  Investigation  of  Causality 
The  Lagrangian  is  taken  to  be 


X  =  (r-TT  -  B), ,V,  +  X  (Y 


V 


TT  -  M)  X  "  \  (PVPP 


V 


2  2  . 
+  y  p  ) 


-  f  ^ueyvxpvp  -  f(pvp)  ^ 
where 


0 


UV 


=  g 


yv 


-  hv  y  , 
'  y '  v 


The  equations  of  motion  following  from  (4.1)  are 


(4.1) 
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(Y-tt  -  m)^  -  j  (yy^V  +  7ryyV^v  +  T  'Yy  (Y#7r  +m)Y-^ 

+  f  eyv  x  PVP  =  o  (4.2) 

(Y.tt-m)x  “  fCpVp)  9]iV^U  =  0  .  (4.3) 

Constraints  are  present  in  (4.2).  Contracting  this  equa¬ 
tion  with  yy  and  ttp  yields,  respectively, 

j  tr-ii  +  |  y-'I'  +  f  PVP  =  0  (4.4) 

2  *  ~ 

—  y.7T7r.i|;  -  —  [2y*F-^  +  y^y*F«^]  +  y  y-iry»i|; 

+  f(TrlJ  9yvx)  pVp  +  f0yvX(pypVp)  =  0  .  (4.5) 


The  primary  constraint  results  by  taking  the  zeroth  compo¬ 
nent  of  (4.2)  and  using  (4.4).  The  result  is 


.1  ->•  *>-►  ■.  -f  j-  k 

[  7T  +  -r-  y  •  Try  ]  •  ip  =  fy  0 


V 


2  + 


kv 


XP  p+  (m  -  j  Y  •  tt  )  y  ipo 


In  order  for  constraints  to  emerge  from  this,  we  must  have 
0^o  =  O.  We  thus  conclude  h  =  0,  and  the  primary  constraint 
becomes 

(m  -  \  y«r)y°ip  +  Trk(f)  -  f(y*PP)x  =0  •  (4.6) 

J  O  K 

Substituting  (4.4)  into  (4.5)  yields  the  secondary 
constraint 

2  ,  u 
~2~  Y  +  2m  f  (y  ’PP  )  X  “  f  (ff  x)  Py  p  +  f  (Y  *pp)  (Y  -^x) 

[2y  «F*^  +  y5Y*F-^]  =  0  . 


ie 

3 


(4.7) 


( 
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By  use  of  equation  (4.3),  we  can  also  arrive  at  the  result 

rruT.iJ;  +  f(TrUx)P  P  -  Mf(ypp)x  -  f 2  Cy  •  PP  )  (P  P  ) 

•  r* 

+  [2y-F*^  +  Y5Y.F.t|;]  =  0  .  (4.8) 

We  are  now  ready  to  calculate  the  normals  to  the 
characteristic  surfaces.  To  do  this,  we  shall  use  the 
shock-wave  formalism  as  developed  by  Madore  and  Tait  [1973]. 
It  is  an  equivalent  method  to  that  of  finding  the  charac¬ 
teristic  determinant  as  used  by  Velo  and  Zwanziger  (see 
Appendix  II) .  The  shock-wave  formalism  exploits  the  fact 
that  the  first  (and  higher  order)  derivative  of  the  solu¬ 
tion  of  a  first  order  system  of  hyperbolic  equations 
suffers  a  discontinuity  across  a  characteristic  surface. 
Denoting  this  discontinuity  by  square  brackets,  we  have 

[p  tJj  ]  =  n  K 

[p  x  1  =  n  R 

^y  A  y 

y  =  [X]  =  0 

where  n  are  the  normals  to  the  characteristic  surface, 

1" 

with  Kv  and  R  being  continuously  differentiable  functions. 

Since  we  are  interested  in  finding  modes  of  propagation 

other  than  those  on  the  lightcone,  we  shall  assume  in  the 

2 

following  that  n  ^0. 

Taking  the  discontinuity  of  (4.3)  leads  to 


-nl 


( 
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Y . nR  =  0  . 


Consequently,  R— 0  and  we  can  assume 

[Vv*]  =  nynvT  • 

Differentiating  (4.3)  and  taking  the  discontinuity  leads  to 


v 


Y  •  nT  -  f  K  p  p  =  0  , 


V 


(4.9) 


while  taking  that  of  (4.8)  gives  the  result 


n-K  =  0  . 


Taking  the  discontinuity  of  (4.2)  gives 

Y'nKy  "  J  nyY#K  +  I  ^Y-hy-K  =  0  . 

This  enables  us  to  write 

Ky  =  [ny  -  YyY*n]iji  (4.10) 

where 

*  =  _  (yn)y.K  _ 

3n 

Using  this  result  in  (4.9)  leads  to 

2 

T  =  fY *n [y • n (y *PP )  -  n.pp]^/n  .  (4.11) 

Differentiating  (4.7)  and  taking  the  discontinuity  gives 

Y*n^  +  f  [n  •  pp  -  (Y-pP)Y-n]T  +  ^-[2y*F*K  +  YrY*F*K]  =  0  . 

A  J  3 

Using  (4.10)  and  (4.11)  in  this  last  expression  leads  to 
the  conclusion  that,  for  ^  0, 
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2  ^  2f  ^  ,_2,_y _ x  ,  y  .  \  2  x  t  2  ,  2e  2 


^  +±±2‘  Cn^Cp^pp  p)  -  CnVp)^)}"  +  (-^-)  n2(n*F)2  =  0.  (4.12) 


3m 


3m 


For  a  timelike  normal  n  =  (1,0,0, 0),  we  obtain  the  condition 


{1  -  ^4  (PP)2}2  -  (^%>2  B2  =  0  . 
3m  3  in 


Thus,  we  have  found  that  the  propagation  characteris¬ 
tics  add  for  the  two  interactions.  By  examination  of  (4.12), 
we  can  conclude  that  there  is  no  choice  of  the  external 
field  p  that  will  cause  the  system  to  be  causal.  This 
effect  of  the  propagation  characteristics  adding  was  also 
observed  by  Shamaly  and  Capri  [1972] ,  where  various  inter¬ 
actions  between  a  spin  1/2  field  and  a  spin  1  field  were 
considered.  There  it  was  found  that  interactions  that 
produced  acausality  individually  could  not  be  combined  to 
give  causal  propagation,  while  a  combination  of  causal 
interactions  was  still  causal.  However,  when  an  acausal 
and  a  causal  interaction  were  combined,  the  propagation  was 
again  acausal. 


ii)  Calculation  of  the  ETACR 

It  would  be  interesting  to  see  how  the  addition  of 


the  propagation  characteristics  in  the  c-number  theory 
carries  over  into  the  quantized  version.  In  this  section 
we  therefore  calculate  the  various  equal-time  anti¬ 
commutation  relations  between  the  field  components. 

From  the  Lagrangian  (4.1)  we  construct  the  generator 


f  T  vf  2  o+  -K  1 

=  -i  d  y{cf>  6(f),  +  J  \p Sip  -  X  Sx) 


f 


(4.13) 


:  st.  r>  ' i 


V 
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The  primary  constraint  (4.6)  gives  a  relation  between  the 
variations  of  the  field  components. 

(m  “  7  Y°<5^o  +  "  f  (Y*Pp)  <$x  =0.  (4.14) 

We  shall  handle  this  constraint  by  the  method  of 
Lagrange  multiples  (see,  for  example,  Hagen  [1971]).  For 
a  field  component  W(x),  we  write  its  variation  as 

SW  (x)  =  i[G,W(x)  ] 

=  d3y{  [<f>k  +  f  lP°  “  X^XrW(x)  ] 

J 

+  A  (x,y)  [  (m  -  j  y -tt)  Y°5^0  +  7rk5(])k  -  f  (y  .pp)  6x1  }  (4.15) 

and  treat  all  components  as  independent.  The  Lagrange 
multiplier  field  is  then  determined  so  as  the  primary 
constraint  C4.6)  is  satisfied. 

For  W(x)  =  x(x)r  (4.15)  gives 

Ukt(y),xtx)}  =  A(x,y)Ttm(gmk  -  j  yk) 

•M  p 

(y)  rX  Cx) }  =  A  ( x , y )  (m  -  j  y -if )  y° 

(Xf  (y ) ,x (*) }  =  5  (x-y)  +  fA  (x,y)  (y.pp ) 

We  find  (4.6)  is  satisfied  if 

A(x,y)  =  -  j  f (y-pp ) AS (x-y) 

where 

A  =  [m  +  —  cr*B  “  j  f  (PP)  3 


The  ETACR  then  become 


. 
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•j* 

Uk  (y)  /X  Cx)  }  =  -  |  f(^p)A7rm(gmk  -  |  Ymyk)  5  (x-y) 

^  (y )  ^  X  Cx)  }  =  -  f  Cy  *  Pp )  A  (m  -  y  y  •  tt  )  y°  6  (x-y) 

Cy)  ,y  Cx)  }  =  (m^  +  •—  cr •  S)  A6  (x-y ) 

For  W(x)  =  ipQtx)  ,  we  find 

Uk+(y),*0Cx)J  =  Y°(m  +  f  Y^)ATTm(gmk-i  YmYk)6(3-J) 

4* 

U P°  (y)  /^0  (x)  }  =j  C  (m  +  j  y -tt)  A  (m  -  |  y.J)  -  i]  5  (x-y) 

^X+Cy)  /  (x)  }  =  fy°  (m  +  j  y  *tt)  A  Cy  *pp  )  6  (x-y) 

while  for  W(x)  =  (j>k(x),  we  obtain 

(y  ),<Pk(x)}  =  -  pkn(gnm  -  j  TTnATrm)Pm^5  (x-y) 

J. 

(y)  f  <frk(x)  }  =  (g^^  -  jyky^)7r^A(m  -  jy- tt)  y°6  (x-y ) 
4x+(y.)/’  (J>k(x)}  =  |  f(gk£  -  j  yky£)7T£A(y-pp)5  (x-y) 


where 


1  £ 

■  T  YkY 


We  see  that  this  set  of  relations  is  mutually  consistent; 

f 

for  example,  the  result  for  (y  (y)/^Q(x)}  is  compatible 

j. 

with  that  for  { (y),x(x)}*  T^e  ETACR  are  then 
Cy)  /4>k(x)  }  =  -pkm(gmn  "  §  7rmA7rn)Pn£(S  (x-y) 

{^ot  (y)  f  <J>k(x)  }  =  Fjc^ACm  -  J  Y  *4)  y°6  (x-y) 


•  » 


, 
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(y)  /  (x)  }  -  §  f  tt^A  (y  *pp  )  (5  Cx-y) 

1*  _  _ 

(y)  ,ipQ  (x)  }  =  ^  [  tm  + j  yfr)A(m  -  j  y  •tt)  -  1]  6  (x-y ) 

^y )  r  Cx)  }  =  fy°(m  +  j  y  •  tt  )  A  (y  •  pp  )  6  (x-y) 

^X+(y)/X(x)}  =  Cm2  +  y  a-S)  Ac5  (x-y)  (4.16) 


where 


k 


=  g 


A 


k 


1  £ 
3  V 


A  =  [in  + 


2e  £  2 

—  a.B  -  -j 


2  ->  2  “1 
f (PP)  ] 


We  see  that  there  will  still  be  an  indefiniteness 
problem  by  considering,  most  conveniently,  the  anticommu- 
tator  between  XT(y)  and  x(x).  We  also  find  that  the 
indefiniteness  associated  with  the  two  interactions  indi¬ 
vidually  in  a  sense  added  for  the  combined  interaction,  but 

in  a  fashion  that  still  was  indefinite.  For  example,  con- 

£+  . 

sider  the  relation  between  cf)  (y)  and  (^(x).  This  can  be 
obtained  from  the  same  relation  found  in  the  case  of  the 
electromagnetic  interaction  alone  (see  3.13)  by  the  replace¬ 
ment 

A  =  [m2  +  y-  a  .6]  _1  - v  A  =  [m2  +  y-  a  -B  -  |  f 2  (pp )  2  ] 

On  the  other  hand,  the  same  relation  can  be  obtained  from 
the  result  found  in  the  case  of  the  scalar-spinor  inter¬ 
action  alone  (see  3.18)  by  the  replacement 
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A  r  2  2  /+  n2  -1  A  r  2  ,  2e  ±  2  ^2.+  ,2 . -1 

A  =  [m  -  y  f  (pp)  ]  — *■  A  =  [m  +  —  a*B  -  j  f  (pp)  ] 

Thus,  the  addition  of  the  propagation  characteristics  in 
the  c-number  theory  seems  to  carry  over  into  addition  of 
the  indefiniteness  of  the  anticommutators  in  the  q-number 
theory.  This  again  suggests  the  two  problems  are  closely 
connected . 

B.  Addition  of  a  Spinor  Field  by  Scalar  Coupling 

To  attempt  to  eliminate  the  difficulties  inherent 
in  the  charged  spin  3/2  theory,  we  might  compare  this 
theory  to  that  of  spin  1/2.  The  latter  is  free  of  the 
inconsistencies  considered  here  in  both  the  c-number  and 
q-number  formulations.  The  essential  difference  between 
the  RS  and  spin  1/2  fields  is  that  the  former  contains 
auxiliary  fields  (of  spin  1/2)  which  must  be  eliminated 
so  as  to  be  left  with  a  pure  spin  3/2  state.  It  may  then 
be  worthwhile  to  see  if  the  addition  of  a  spin  1/2  field 
^(x)  to  the  RS  field  might,  by  a  suitable  choice  of  the 
coupling  constants,  be  made  to  somehow  eliminate  the 
inconsistencies  present  in  the  original  system.  For  the 
present  we  concentrate  on  the  minimally  coupled  RS  field. 

i)  Investigation  of  Causality 

We  first  try  scalar  and  pseudoscalar  coupling. 

The  Lagrangian  is 
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^  (T  •  it  -  B)  V \Jj  +  ij;  (y  •  tt  -  Am)  ^  +  ^.yCa  +  by  )ip 
}i  v  5 

+  $(a  +  by5)y-^  (4.17) 

where 

m  is  the  mass  of  the  spin  3/2  particle 
Am  is  the  mass  of  the  spin  1/2  particle  . 

From  the  Lagrangian  (4.17),  we  obtain  the  equations  of 
motion 

(y  .7T  -  m)  (_Y^7TV  +  7TjJYV ) 4>v  +  j  Yy  (Y +  m)y 

-  Y,  (a  +  by  )  ^  =  0  (4.18) 

U  b 

(Y*71-  ~  Am) ^  +  (a  +  by_)y«^  =  0  .  (4.19) 

b 

We  must  eliminate  the  constraints  present  in  (4.18) 
before  finding  the  normals  to  the  characteristic  surfaces. 
Contracting  (.4.18)  with  y^1  and  ir^1  gives,  respectively, 

vip  =  -  y  •  $  +  6(a  +  by,_)ij;  (4.20) 

~  y  *  tttt  •  i/j  -  iey-F*^  +  y«F-yy-^  -  m7r»ip  +  j  yiryijj 

-y*7r(a  +  by^)^  =  0  .  (4.21) 

The  primary  constraint  is  obtained  by  taking  the  zeroth 
component  of  (4.18)  and  using  (4.20).  The  result  is 

[tt  +  j  y  -TTy  ]  +  3  (a  +  by5  )ip  =  (m  -  j  y  -  tt)  Y°^0 


(4.22) 
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To  find  the  secondary  constraint,  substitute  (4.20)  into 
(4.21)  and  use  C4.14).  The  result  is 

2  -1 

Y*^  =  [1  “  Cy  y*F-^  +  2y-F«^)  +  —  (a  +  by  )ip 

m  3m  5  mb 

g 

-  m  x  (a  -  t>Yg  )  j  (4.23) 

where  g2  =  a2  +  b2  and  6g2  ?  m2  . 

Using  (4.20),  we  also  obtain  the  relation 

2  -1  . 

n*ip  =  -  [1  -  -2—]  (y  y.F.ip  +  2y  •  F  •  i|0 

z  3m  5 

m 

+  6  (a  +  by_  )  i|i  -  3A  (a  -  by,.  )ip}  +  6  (a  +  by  )ij/  .  (4.24) 

b  5  5 


To  find  the  true  equation  of  motion,  substitute  (4.23) 
and  (4.24)  into  (4.18).  Keeping  terms  with  derivatives  only, 
this  becomes 


y  •  Trill 

y 


2-1 

-  |  [1-^-]  [ tt  -  YuY-ir]{^±f  (yyF.il/  +  2Y-F-^) 

m  u  M  3m  D 

+  ^  (a  +  by  ) ip  -  |  X(a-byji|>}  =  0  .  (4.25) 

m  5  m  3 


To  calculate  the  characteristic  determinant,  substitute 


n  =  (n, 0,0,0)  for  p  in  (4.25)  and  (4.19).  The  resulting 

y  y 


equations  in  terms  of  n  are 


o  .  n  r, 
ny  ip  -  T  [1 

y  3 


 £2 

m 


2  -1 

2  ]  [goy  '  Y"Y"H 


2ie 


o  (y  rY  'F-ip  +  2y -F-40 
y  °  3m2  5 


+  —  (a  +  by_)ij>  “  ^  \  (a  -  by  )ip)  =  0  (4.26) 

m  5  m  b 

ny°^  =  0 


(4.27) 


..  * 
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Taking  the  determinant  of  the  coefficients  of  the  field 
components  in  (4.26)  and  (.4.27),  we  obtain  for  the  charac¬ 
teristic  equation 


D  On)  =  n20[l-  (^-)2b2/(1-^)2] 

3nT  m2 

,  2.6  2,  .  2e  N  2  ~.2//n  6g2  2  4 

=  (n  )  [n  +  ( — T)  (n.F)  /(I - \~)  ] 

3in 


=  0 


where  we  have  put  the  equation  into  covariant  form  in  the 
last  step.  Thus,  there  still  exists  acausal  propagation, 
as  there  are  timelike  normals  which  satisfy  this  equation 
for  a  suitable  Lorentz  frame.  The  condition  that  the 
system  remains  hyperbolic  is 

i  -  (%2  b2/(i  -  6sd>2  >  0 
3  in 

while  that  for  pure  minimal  coupling  was 


2 

1  -  (-=%-)  ET  >  0  . 

3m 

We  now  see  the  effect  of  the  addition  of  the  spin  1/2 

7  2 

field.  For  m  >  6g  ,  the  upper  limit  on  the  magnitude  of 

the  magnetic  field  needed  to  keep  the  system  hyperbolic  is 

2  2  2. 

decreased,  compared  to  the  case  g  =0.  When  m  <  6g  ,  this 

2  2 

limit  is  increased.  However,  for  any  6g  /  m  ,  there 
exists  Lorentz  frames  where  causality  is  violated  and  the 
system  loses  its  hyperbolicity . 


* 


: 

{ 
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ii)  Calculation  of  the  ETACR 

It  would  be  worthwhile  to  see  how  the  addition  of 
the  spin  1/2  field  affects  the  anticommutation  relations. 
From  the  Lagrangian  (.4.17),  we  can  construct  the  generator 


G  =  -  i 


•j* 

d3y{<f>k  6(f), 


with  the  field  components  subject  to  the  primary  constraint 
(4.22)  , 

(m-'j  y*tt) y° 6 ip  +  77^6 ^  -  3  (a  +  by ,_ )  6i|j  =  0  . 


We  shall  again  take  into  account  this  constraint 
in  the  expression  for  the  generator  by  the  method  of 
Lagrange  multipliers.  We  write  for  the  variation  of  a 
field  component  W(x) , 

6W(x)  =  i[G,W(x)] 

=  a3y{  [<i>k  6$k  +  |  ij)°  6^o  -  ipfSip,VI(x)  ] 

a 

+  A  (x,y)  [  (m  -  j  y  )  Y°6if)Q  +  irk6(f)k  -  3  (a  +  by^)  6if)]  }  . 


For  W (x)  =  tKx)  ,  we  obtain 

{(f)kt  (y) (x)  }  =  A(x/y)TTm(gmk  -  y  YmYk) 

Uot  (y)  fip(x)}  =  |  A(x,y)  (m  -  |  y  •?)  y° 

{if;+Cy)f  i|>  (x)  }  =  6  Cx-y)  +  3A  (x,y)  (a  +  by5)  . 

In  order  that  the  primary  constraint  (4.22)  is  satisfied. 


we  must  have 
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A(x,y)  =  2  (a  -  by  )A6(.x-y) 

where 

A  =  [m2  +  ~~  ?.§  -  6g2]_1 

and 

2  2  ,  ,_2 
g  =  a  +  b 

We  then  arrive  at  the  ETACR 

Uk  (y)  ,<P(x)  }  =  2  (a  -  bY5)Anm(gmk-  j  YmYk)  «  (x-y) 

•j* 

U°  (y),Mx)}  =  3(a-bY5)A(m-|  y  •  tt  )  y°6  (x-y) 

{^+  (y)  (x)  }  =  (m^  +  a.B)A6(x-y)  . 

For  W(x)  =  (x)  ,  we  obtain 

(y)f^0(x)}=Y0(m  +  jY*^)  A  7rm  (g^  -  j  YmY^)  <5  (x-y) 
(y)  rif>0(x)  }  =  |  [(m  +  jY*''T)A(m-yY*;^)“l]<S  (x-y ) 
{^+ (y) r^0 Cx) }  =  3y° (m  +  j  y *^) a (a  +  bY5) 6 (x-y)  , 
while  for  W(x)  =  <j>k(x),  we  arrive  at 

4- 

U*  (y)  r*k(x)  }  =-Pkm(gmn-f  ,rmA1rn)Pnt'6(x-y) 

J. 

U°  (y)  r<t>k  (*)  }  =  (gk£  -  J  YkY£)TT£A  (rn  -  |  y-^)y°<$  (x-y) 
Uf(y)^k(x)>  =  2  (gk£  -  j  YkY£)  tt£A  (a  +  bY5)  6  (x-y)  . 
Again,  these  relations  are  mutually  consistent,  as  can  be 

f 

seen  by  examining,  for  example,  {ip  (y),4>k(x)}  and 
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U  (y),Mx)}.  The  complete  set  of  ETACR  are  then 

Cy)  ,  <J>k  (x)  }  =-Pkm(g^n_l  7rmA Trn)  <5(x-y) 
t 

(y)  ,  <Pk  (x)  }  =  P^tt^  A  (m  -  j  y  •  it }  y°5  (x-y) 

(y )  t  (pfr  (x)  }  =  2P^.^tt^  A  (a  +  bY^)  6  (x-y ) 

(y)  r]PQ  Cx)  }  =  3y°  (m  +  j  y  •  ^)  A  (a  +  bY^)  5  (x-y ) 
t 

(^P°  (y)  ,  <J>  (x)  }  =2  [(m  +  ~  Y*^)A(m-|-  y  •  ^ )  —  1  ]  6  (x-y ) 
{^f(y)^Cx)}  =  (m2  +  a*S)A6(x-y)  (4.28) 


where 


1  £ 
3  YkY 


A  =  [m  + 


2e  -> 


.s  - 


6g2] 


-1 


Again,  these  relations  are  indefinite,  as  can  be 

o  + 

seen  by  examining  say,  (y)/^0(x)}  along  the  same  lines 

as  used  before  in  the  case  of  minimal  coupling  (see  3.15 
and  the  subsequent  discussion) .  However,  the  condition  for 
the  anticommutator  to  be  positive  definite  has  been  altered 
by  inclusion  of  the  interaction  with  the  spin  1/2  field. 
With  only  minimal  coupling,  this  condition  was 

2e  i^i  2 

—  |S|  <  m 

while  the  same  condition  with  the  spin  1/2  field  included  is 


'  i 
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2e  | £ |  |  2  _  2 , 

—  |  B  |  <  |  m  -  6g  | 

2  2 

Thus,  for  m  >  6g  ,  the  upper  limit  on  the  magnitude  of  the 

magnetic  field  strength  needed  to  have  the  anticommutator 

2 

positive  is  decreased,  compared  to  the  case  g  =0.  For 
2  2 

m  <  6g  ,  the  same  limit  is  increased.  However,  there 

still  exist  Lorentz  frames  in  which  the  anticommutator  is 

2  2 

negative  for  all  6g  ^m  .  These  effects  are  similar  to 
those  found  for  the  conditions  of  hyperbolicity  in  the  c- 
number  theory,  again  suggesting  that  the  problems  of 
causality  and  the  indefiniteness  of  the  anticommutators 


are  related. 


CHAPTER  V 


THE  BHABHA-GUPTA  FIELD 

Since  the  addition  of  a  spin  1/2  field  to  the  RS 
field  by  scalar  coupling  was  seen  to  have  the  same  problems 
inherent  in  the  minimally  coupled  RS  equation,  it  would 
seem  natural  to  try  the  same  two  fields  with  derivative 
coupling.  We  would  expect  that  this  type  of  coupling  has 
more  of  an  impact  on  the  propagation  characteristics  and 
anticommutation  relations  than  did  scalar  coupling,  where 
only  the  constraints  were  changed.  The  presence  of  deriva¬ 
tive  coupling  will  also  alter  the  principal  part  of  the 
equations  of  motion  (i.e.  introduce  more  terms  involving 
derivatives)  as  well  as  change  the  form  of  the  generator. 

We  start  from  the  Lagrangian 

X=  ify(r-p-B)  v  \p  +  dj  (y  *p  -  Am)  ip  -  ip  (a  +  by  )p- 

y  v  d 

-  ip  *p  (a  +  by,_)  ip  .  (5.1) 

This  system  is  in  fact  equivalent  to  one  proposed  by 
Bhabha  [1952]  for  a  particle  of  two  mass  states  (with  b  =  0). 
Bhabha's  original  equation  involved  a  20  component  wave 
function  and  was  written  in  the  form 

(a  *p  -  m)  ip  =  0  . 

One  state,  of  mass  m,  had  spin  3/2,  while  the  other  state, 
of  mass  Am,  had  spin  1/2.  The  parameter  A  is  an  arbitrary 
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real  number,  while  d,  also  real,  is  a  constant  to  be  dis¬ 
cussed  shortly.  By  computing  the  matrix  a°,  Gupta  [1954] 
showed  that  the  system  (5.1)  was  equivalent  to  Bhabha's 
original  field  (for  b  =  0).  For  the  rest  of  this  work,  we 
shall  denote  the  system  (5.1)  as  the  Bhabha-Gupta  (BG) 
field  . 

A.  The  Minimally  Coupled  BG  Field 

i)  Investigation  of  Causality 

Introducing  minimal  coupling  in  the  Langrangian 
(5.1),  we  find  for  the  equations  of  motion 

(Y  •  TT  ”  m)  Tp  -i(Y7TV  +  7TYV)^  +  i  Y  (  Y  *  ^  +  m)  Y  ’  ^ 

1  \i  3  |i  y  v  3  '  y 

+  ( a  +  bY  ,_ )  =  0  (5.2) 

d(Y*Tr-^ni)^  ”  (a  +  bY_)Tr*^  =  0  •  (5.3) 

5 

To  eliminate  the  constraints,  contract  (5.2)  with  y^  and 
respectively  to  obtain 

tt -t/j  =-  |  Y-^  -  |  (a-bY5)Y*^^  (5*4> 

-  y  .TnT-ip  -  iey-F-ilJ  +  —■  y  • F  •  Y  Y  •  ^  -  nnr  •  tJj  +  ?  y-Tryip 
3  o  ° 

+  (a  +  bY-)  tt  ^  =  0  .  (5.5) 

5 

The  primary  constraint  results  from  taking  the  zeroth  com¬ 
ponent  of  (5.2)  and  using  (5.4)  .  It  is 


c 


1  ' 
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['n' +  j  Y ‘TTY]  •  J  +  Y*^  (a  +  by5)^  =  Cm  -  j  Y*Tf)Y0^o  *  (5.6) 

To  find  the  secondary  constraints,  substitute  (5.4)  into 
(5.5)  and  use  (5.3).  The  result  is 

2 

Y-'J'  =  7if  (1  +  [t5Y  -  F- ^  +  2y.F.i|J  +  |  (a  +  by  ^ )  Y  •  F  -  yt|J  ] 


-  3X  Ca  -  by,- )  ^  (5.7) 

2  2  2 
where  g  =  a  +  b  . 

Using  (5.4)  and  (5.3),  we  also  obtain  the  relation 


Tf'ip  =  -  ^  [y^y  +  2y  *F-^  +  j  (a + by5 ) Y • F . y^ ]  .  (5.8) 

The  true  equation  of  motion  results  from  substituting  (5.7) 

and  (5.8)  into  (5.2).  To  calculate  the  characteristic 

determinant,  substitute  n  =  (n, 0,0,0)  in  for  p  in  this 

j-i  y 

equation  and  in  (5.3).  The  resulting  equations  in  terms 
of  n  are 


ny0^ 

y 


2ie  n  .  3g  w  . 

— t  n  1  +  g  -y  y  ) 

9m2  2d  ^oy  Vo 


(a  +  by5)y  -F-y^]  +  ngQ^ 


[y^y -F.ip  +  2y  *F 
[  (a  +  by5 )  +  X  ta  -  by5 )  ]  ip 


-  n  Xy  y  (a  -byjiji  =  0 

[d  V—/  ^ 

n  d  y°^  -  n(a  +  by,-)  =  ^ 

The  characteristic  determinant  of  this  system  of  equations 


is 


■ 


-- 
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20  ?e  2  2  3a2  ^  4 

D(n)  =n20[l-  C-^%)  b2C1  +  ^-)  ] 

3m2  2d 


=  (n2)6[n2+  (-^r)2  (1  +  ^-)2  (n-F)2]4  = 


3m" 


2d 


0 


(5.9) 


where  we  have  cast  the  equation  into  covariant  form  in  the 
last  step. 

Before  proceeding  with  an  analysis  of  the  propaga¬ 
tion  characteristics,  let  us  see  what  the  significance  of 
the  parameter  'd'  is.  To  do  this,  we  calculate  the  four- 
vector  current  density  from  the  free  Lagrangian  (5.1). 

We  obtain 


-rCT  _  9  £-> _  .1  I  9 

9  (Pg^y  )  9  (p^  ^ 


TU  o ,  .1  Ttf  ..It  ,  a  It  o  i 

-  -  ^  Y  ^  +  j  $  Y  *  ^  +  3  i1  *  Y^  -  3  ip  •  YY  Y 


+  dipY<Jii  ~  !j;(a+bY5)^a  -  ipa  (a  +  by,- )  ^ 


The  charge  density  J°  has  to  be  positive  definite 
if  a  consistent  quantization  on  a  positive  definite  metric 
is  to  be  achieved.  From  p - =  0  from  equation  (5.8),  we 
conclude  ip°  =  0  in  the  rest  frame.  Calculating  J°  in  the 
rest  frame,  we  find 

J°  =  [jp  +  ^  YY  ^  •  [J +  T  YY’^  +  dip^ip 
rest  3  j 

Thus,  if  d  >  0 ,  the  charge  density  is  positive 
definite.  However,  from  (5.9),  we  see  that  if  d<0,  we 
can  have  causal  propagation  by  choosing  g  =  |jd|  ,  whereby 
the  characteristic  equation  becomes 
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0  . 


The  situation  is  a  trade-off:  we  can  either  have  acausal 
propagation  and  a  positive  definite  charge  density,  or 
else  causal  propagation  with  an  indefinite  charge  density. 
It  would  be  interesting  to  see  if  the  indefiniteness  of 
the  anticommutation  relations  is  eliminated  as  well  by 
choosing  d  <  0.  However,  we  should  be  prepared  from  the 
start  to  expect  an  indefinite  metric  is  needed  for  quan¬ 
tization,  due  to  the  indefiniteness  of  the  total  free 
charge  density. 


ii)  Calculation  of  the  ETACR 

From  the  Lagrangian  (5.1),  we  can  construct  the 
generator  of  infinitesimal  transformations  of  the  field 
components , 


G  =  -  i 


d3y{  [j  ijj°  +  (a  -  by5)  ] y°6^o  +  <}>k  6<j>k 


+  [if0  (a  +  by- )  -  d^']5^1 


+  ■ 


(5.10) 


From  the  primary  constant  (5.6), 


Cm  -  \  y •  ir ) y°^  +  -  y-tt  (a  +  bys)ij;  =  0 


and  its  Hermitian  conjugate,  we  may  eliminate  all  terms 
containing  in  the  expression  (5.10)  •  The  result  is 

G  =  -if  d3y{  [<J)k+  -  imj;+(a  -  by.)  ATrk  +  |  4>£+tt  A7rk]S<j>k 


-  [di|;+ +  m<})KI7rkA  (a  +  by5)  -  f  g*ip‘A]6ip} 


k+  r 


2.  +7. 


(5.11) 
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where 


—  ?  4  9  -1 

A  =  [m  -  g-  (y*tt)Z] 

2  2  L  ,  2 
g  =  a  +  b 


We  find  we  can  diagonalize  the  generator  (5.11) 
it  into  the  form 


G  =-i 


d3y[x+ESX+  <T 


where 


X  =  ^  “  m  (a  -  by5 )  E  ^tt1^ 


t-i  .  3  2  ,  3  2  27 
E  =  -  d  -  —  g  +  ~  m  g  A 


*  £  &  2  ,3  2  ,  -1-  £ 

\  =  gk  “  3  '"k  (2  g  +d)E  ATr 


We  can  now  easily  derive  the  ETACR.  For 


by  the  relation 


<$X  (x)  =  i  [G,x  (x)  ] 


we  arrive  at 


•  t 


(4>  (y)  /X  (x) }  =  o 


and 


{x+(y)/X<x)}  =  -E-15(x-y) 


Similarly,  by  use  of 


6  (pj^  ( x )  —  i[G,<J>^(x)] 


t 


(x  (y) /4>k(x)>  -  0 


by  casting 


(5.12) 


example , 


(5.13) 


we  find 


* 


and 
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{</  ty) , (x) }  -~Pkm Cgmn  -  f  irmAitn)Pnl Ux-y) 


(5.14) 


where 


D  A  _ 

pv  =  g. 


i  1 


3  YkY 


A  =  [m2/(l  +  ^-)  +  ~  a.S]-1 


For  a  positive  charge  density,  d>0.  Choosing  d  =  l, 
we  have,  from  (5.13), 

^X1*  (y)  /X  (x)  )  =  [l  +  |-g^-^-m^g^A]  ^<5  (x-y ) 
and  by  (5.14), 
t 

(y),*k(x)}  =-Pk  (gmn-|  V^n)p/«(x-y) 

where 

.  r  2.,-  3  2.  2e  -> 

A  =  [m  /(I  +  j  5  )  +  —  cr*B] 


These  are  the  same  results  as  obtained  by  Johnson  and 
Sudarshan  [1961].  There,  the  latter  anticommutator  was 
shown  to  be  indefinite,  and  the  BG  theory  with  positive 
charge  density  thus  encounters  the  same  difficulties  as 
the  RS  field  does. 

We  now  recall  that  causal  propagation  is  possible  if 
3  2 

the  choice  d=-^-g  is  made.  We  are  now  in  a  position  to 
discover  if  the  indefinite  anticommutator  problem  is  also 
eliminated  by  this  choice.  Without  loss  of  generality,  we 
take  d  =  -l,  since  the  field  ip  can  be  renormalized  to  meet 
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this  condition.  Imposing  g2  =  a2  +  b2  =  -  ,  we  find,  by  (5.13), 


m 


(5.15) 


and  by  (5.14), 


•j* 

{(j)£  (y)  ,cf)k  (x)  }  =  -  (g 


(5.16) 


We  see  that  the  right  side  of  (5.15)  is  negative  definite, 
while  the  right  side  of  (5.16)  is  positive  definite.  As 
expected,  an  indefinite  metric  is  needed  upon  quantiza¬ 
tion.  Successful  indefinite  metric  theories  require 
that  all  observables  be  associated  with  that  part  of  the 
Hilbert  space  where  the  metric  is  positive  definite.  Such 
theories  have  been  constructed  for  various  interacting 
field  problems,  particularly  QED  (for  a  general  discussion 
of  indefinite  metric  theories,  see  Sudarshan  [1968] , 
Nakanishi  [1972],  Sudarshan  [1972]).  The  situation 
presented  here  is  perhaps  more  favourable  than  one  involv¬ 
ing  indefinite  anticommutators,  where  inconsistencies 
arose  only  in  those  Lorentz  frames  where  the  magnetic 
field  was  sufficiently  strong.  The  anticommutators  (5.14) 
and  (5.15)  do  not  possess  such  definiteness.  However, 
before  exploring  the  possibility  of  incorporating  a  con¬ 
sistent  indefinite  metric  theory  in  the  BG  field,  it  would 
be  worthwhile  to  calculate  the  ETACR  between  all  the  field 
components  to  ensure  that  there  is  no  indefiniteness 
present . 


■  • 
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B.  The  ETACR  in  Terms  of  the  Independent  Field  Components 
i)  Determination  of  the  Independent  Fields 
Before  proceeding  with  the  calculation  of  the  com¬ 
plete  set  of  anticommutation  relations,  let  us  first  note 
that  due  to  the  presence  of  derivative  coupling,  the 
components  transforming  with  spin  1/2  and  3/2  may  not 
simply  be  \jj  ,  y*ij,  tJ;  and  <j>,.  The  interaction  may  perhaps 
mix  these.  In  order  to  find  the  correct  combinations,  let 
us  write  the  field  equations  as 


-  y.pijj  +  i(y  pV  +  p  yV)^ 

^  y  3  y  y  v 


-  J  yyy -PY-^ + ™(gyV 


1 

3 


YyY  H 


v 


-  (a  +  bY5)Pv^  =  0 


-  (y.p-Xm)Tjj  -  (a  +  by5)p-^  =  0  . 

The  reason  for  use  of  this  particular  form  will  be  given 
shortly.  Here  we  are  considering  the  non  electromagnetic 
case  and  have  set  d  =  -l. 

If  we  let  underlined  indices  run  from  0  to  4 ,  the 
above  equations  can  be  written  as 

v 

(A-P-mD)  =  0 

where 

v  av-i  va  i  ^  a  l  a- 

(AV  =  "Y  g/  +  3  Yug"  +  3  Y  gu  -  3  V  Y 

a  v  4  av 

-  (a  +  by5>  g4"  -  (a  +  bY5)gu  g 

v  y  ,  y  4 

lD)H"  =-\  +  3  V  +  (1_X)  gH  g4 


V 


' 


. 
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and 


44 

g44  =  g  “  1 


Y4  =  0 


g„  =  0 
4  y 


^  =  <J> 


The  eigenvalues  of  the  matrix  y°A°  solve  the  equation 


x4  (x  -  1)  8  [x2  +  I  x  +  ( j  -  g2  )  ]  4  =  0 


(5.17) 


where 


2  2  .  u2 
g  =  a  +  b 


We  may  now  perhaps  justify  the  writing  of  the  field 

equations  in  the  manner  used,  with  regard  to  the  choice  of 

2 

signs.  When  we  consider  the  case  g  =0,  representing  a 
non-interacting  RS  spin  3/2  field  and  a  Dirac  spin  1/2 
field,  the  eigenvalues  of  y°A°  solve,  by  (5.17), 


r  4  8  24,  4 

{x  ( x  —  1 )  (x  +  j)}(x+l)~  =  0. 


The  first  three  eigenvalues  (0,  1  and  -2/3)  correspond  to 
the  RS  field,  as  discussed  previously.  The  eigenvalue  -1 
corresponds  to  the  Dirac  field  with  a  negative  definite 
charge  density. 

2 

We  are  interested  in  the  case  g  =2/3,  when  the 
eigenvalue  equation  (5.17)  becomes 


x4  (x  -  l)8  x4(x  +  |)4  =  0  . 
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We  shall  mention  the  significance  of  the  doubling 
of  the  degeneracy  of  the  zero  eigenvalue  in  section  D  of 
this  chapter.  The  projection  matrices  for  the  eigenvalues 
0  and  -5/3  are 


v 


(P  ) 
o'y 


and 


y 


f  J 

5 

0 

0 

0 

-fy  (a  +  by5) 

0 

1 

1 

1 

2 

1 

3 

0 

3  YiY 

3  YiY 

3  Y1Y 

0 

1 

1 

1 

2 

1 

3 

0 

3  Y2Y 

3Y2Y 

3  Y2Y 

0 

1 

1 

1 

2 

1 

3 

0 

J  Y3Y 

3  Y3Y 

3  y3y 

-|y0(a  +  bY5) 

k. 

0 

0 

0 

2 

5 

r  1 

0 

0 

0 

|-y0(a  +  by5) 

0 

0 

0 

0 

0 

2 

0 

0 

0 

0 

0 

5 

0 

0 

0 

0 

0 

fy°(a+byc.) 

0 

0 

0 

3 

2  J 

The  spin  1/2  components  are  then 
<J)  =  ijj  +  (a-by^)Y°^0 
x  E  1(1  -  |(a-bY5)Y°’l'0 

and 

while  the  spin  3/2  components  are 
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P 

o 


V 


if)  = 

U  H 


■3  v 


a 


The  primary  constraint  (5.6)  written  in  terms  of  these 
fields  is 

(5  Y  •  tt)  (a  +  by5 )  <J>  +  =  J-  m  (a  +  by^ )  t  .  (5.18) 


ii)  Calculation  of  the  ETACR 


To  determine  the  anticommutation  relations,  we  start 
with  the  generator  (5.11), 


G  =  -  i 


d^y{p^6(f)  -  P 6 ip } 

.K 


where 

nk  ,k^  , +  ,  ,7  k  ,  2  ,0^  7k 

P  =  9  -  imp  (a-by<-)A7T  +j  (p*  tt^At r 

P  =  dip^  +  imp^  7r^.A(a+by^)  g^ip'A 


A 


4  A  \  2  , 

“  g  (Y-TT)  ] 


Since  all  field  components  in  the  expression  for  G  are 
independent  (not  related  by  constraints) ,  we  can  find  the 
anticommutation  relations  directly. 

We  begin  with 


6<J>k  (x)  =  i  [G,  (pk  ( x )  ] 

=  d3y[P{'{6l()£(y),<l>k(x)}  -  {P£  (y)  ,  $k  (x)  }  5  <}>  ^ 

4 

-  P{S\p  (y)  rip  (x)  }  +  {P  (y)  ,<pk  (x)  } dip ] 


As  usual,  we  assume 
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{$» (x) »*k(y)}  =  0  =  {iKx)  ,f(y)  } 


If  we  also  assume 


(p(y)  /  <|>k(x)  }  =  0  , 


then  we  obtain  the  relation 


^  (y)/<J>k(x)}  ==  m{ <J) ^  (y)  ,<\>v  (x)  }tt^A  (a  +  by,.)  E_1 


where 


t?  n  .  2  2  ->,2  T 

E  =  -  d  +  —  g  ( Y  •  tt  )  A 


,  3  2  ,  3  2  2t 

-  d  -  —  g  +  —  m  g  A 


We  are  now  left  to  solve  the  equation 


*  _  j. 

d  y{<f>m  (y),<)>k(x)}Ains'6(jiJl  =-6*k(x) 


where 


A  £  £  ^  2  ,  ,  ,  3  2.  -1  -  £ 

Am  =  +3  %(d  +  J  g  )  E  A  tt 


The  solution  to  this  equation,  which  is  the  same 


as  in  equation  (5.12),  is 


t 


1  (y)  ,<j>k  (x) )  =  -  pkm(gmn  -  |  '%A7rn)pn*6  (*”?} 


nv  _  £  * 


where 


A  = 


[m2/  (1  + 


\  2e  ->  ^ ■,  —1 
-)  +  —  cr-B] 


£ 


£  1  £ 


Pk  =  gk  ”  3  YkY  • 


Using  (5.19),  we  also  obtain 


4f(y)  r<f>ktx)  }  Cgk  ”  J  YkY£)TrjlA^1  +  ^-)  (a  +  by 


2  -1 


(5.19) 


problem 


(5  .20) 


5) 5 (x-y)  . 


(5.21) 


< 
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In  order  to  solve 

<5iMx)  =  i[G,n*)] 

=  d  y[P  (<S(j)k(x)  f\jj  (x)  }  -  (Pk(y)  (x)  }<5cj)k 

-  P{ <Sip  (x)  ,ip  (x)  }  +  {P  (jx)  ,\jj  Cy)  } dip J  , 
we  again  assume 

(-Y)  /ip  (x) }  =  0  =  { ip  Cy)  ,ip  Cx)  } 

and 

(Pk(y)  (x)  }  (gk<l  -  i  Yj,y^ )  =  0  . 

We  then  obtain 

uf(.y)  ,Kx) }  =  5  (m2  +  ~  c-S)  A  (1  +  ^L-)  5  (x-y)  .  (5.22) 

We  can  now  obtain  the  anticommutation  relations 
involving  ip  .  For  this  we  use  the  primary  constraint  (5.6) 

(m  - j  Y*i)y  ^  +  7T  (f>k  —  y*tt  (a  +  by  5 )  ip  =  0  . 

k 

Operating  on  (5.20)  with  tt  from  the  left  and  using  (5.21) 
gives 

2 

{<f>A+  (y)  (x)  }  =Y°rm/(l  +  ^r>  +  jr-J]4uV«(x-y).  (5.23) 

k 

Contracting  (5.21)  with  ir  from  the  right  and  using  (5.22) 
yields 

2  -1 

{ipf  Cy)  ,Tp0U) }  =-|  Y°[ea.B  -  my. if]  A  (1  +  -jtp)  (a  +  by5)6  (x-y)  . 

(5.24) 


- 


V  ’J- 
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Operating  on  (.5.23)  with  7T ^  from  the  right  and  using  (.5*24) 
gives  the  result 

t  2 

U°  Cy)  ripQ(x)  }  =-  [ea-B/Cl  +  ^-)  +  |  (y-tt)  2]  A<$  (x-y)  .  (5.25) 

The  anticommutation  relations  involving  the  compon¬ 
ents  Y'ip  can  be  obtained  by  use  of  the  secondary  constraint 
(5.7) 

•  2 

y.J  =  Y°^0  “  d  +  ^-)  [Y5Y-F-i|> +  2y-F-i|> +|  (a  +  bY5)  Y  Y^] 
+  3A  (a  -  by^ ) 

3  2 

We  are  interested  in  the  case  when  l  +  4Sr=0,  in 

2d 

which  causal  propagation  was  found  to  occur  in  the  c-number 
theory.  Substituting  this  into  (5.20)  through  to  (5.25) 
yields  the  relations 

{^t(y)^k(x)}=-(gk£  -  IYk/)6(S-y) 

{^+(y)  ^k(x)  }  =  (gk£  -  j  YkY£)TT£(a +bY5)6  (x-y) 

{ipf  (y)  (x)  }  =-(1  +  o-B)6  (x-y) 

3mz 

{<J>A+Cy) ,^Q(x) }  =  -  Y°^k(gk£  -  J  YkY£)5  (X-y) 

{i{jf  (y)  (x)}  =  \  [ea-S  -  my.TT]  (a  +  bY5)6  Cx-y) 

°  mz 

Uot  (y)  (x)  }  =  ”  ~7T  cr  *B  6  (x-y )  .  (5.26) 

°  mz 

The  relations  in  terms  of  the  spin  1/2  fields 
4>  =  ip  +  (a  -  bY5)Y°^Q 


. 
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T  —  $  -  |  (a-  by5)Y°^0 


are  found  to  be 


{(pzf  (y)  ,<J>ktx) }  = 


“  Cgk  -  jYkY£)US-5) 


'  (y)  r(p  (x) }  =  o 


+ 


(<P^  ‘  (y)  /  T  tx) }  = 


t 


~h  <a-bY5)Trk(gk^  -  j  ykyl)S(x-y) 


U+  (y)  ,<Mx)  }  =  -  6  (x-y) 


(y) ,  t  (x) } 


=  -  (1  -  ^  Y  •?)<$  (x-y) 


(y) ,t (x) }  =  -  (1  +  a  *S)  5  (x-y) 


25e 


6m' 


We  find  these  relations  are  consistent  with  the  constraint 
(5.18) 


(J- 

v5m 


-> 


Y«7r)(a  +  bY5)(})+7r  ^  =  j  m(a  +  bY5)x 


The  ETACR  involving  the  other  spin  1/2  field  y*^  can  be 


obtained  using  the  secondary  constraint  (5.7)  which,  for 

i  +  2si  =  o,  is 

2d 


=  Y°^  +  3X(a-bYc)^ 

o 

These  anticommutators  turn  out  to  be 

{<(>A+  ty) ,  y  *  if  <  x ) }  U-2X)irktg/  -y  ykyl)S{x-y) 


{<f,+  (y)  1  [3m2A  +  (1-  2  X )  mY  •  ?  ]  (a  +  bYs )  5  (x-y ) 

mz 
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^  T  )  r  Y  •  4>  C-x)  }  —  2  [y  ( 1  —  2  X )  ec  •  B  -  (1  +  3  A. )  my  •  tt  -  3m2  A  ] 

m  ^ 

x  (a + by5) <$ tx-y) 

{  [  Y-J  (y)  ]  f/y4(x)  }  Cl  -  2X)2ea.S  +  6m2  A2]  6  ( x-y )  .  (5.27) 

m 

Thus  we  have  a  fairly  complex  situation.  The  anti¬ 
commutator  for  the  "physical"  spin  3/2  field  <f>  is  posi- 
tive  definite,  while  that  for  the  independent  spin  1/2 
"ghost"  field  $  is  negative  definite.  Considering  only 
these  two  fields,  the  successful  use  of  an  indefinite 
metric  is  possible.  However,  the  anticommutators  for  the 
two  auxiliary  fields  t  and  y.$  are  each  indefinite,  being 
dependent  on  the  external  field.  This  will  make  the  inclu¬ 
sion  of  an  indefinite  metric  more  difficult  to  handle  in 
placing  all  observables  in  that  section  of  the  Hilbert 
space  characterized  by  a  positive  definite  metric. 

Since  completing  this  work,  we  have  become  aware 
of  a  similar  set  of  calculations  performed  previously. 
Prabhakaran  et  al  [1975a]  found  that  causality  was 
preserved  in  the  BG  system  (with  the  coupling  constant 
b  =  0 )  if  the  total  free  charge  was  allowed  to  be  inde¬ 
finite.  It  is  also  claimed  (see  Mathews  et  al  [1979]) 
in  an  unpublished  study  that  the  anticommutators  evaluated 
by  Schwinger's  action  principle  are  independent  of  the 
external  field  (J.  Prabhakaran,  Ph.D.  thesis,  Madras 
University  1975  [unpublished] ) .  Our  analysis  shows  that 


■ 


. 


,  1 
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only  those  anticommutators  involving  the  fields  and 
have  this  property;  the  dependent  fields  t  and  y-i Jj  still 
suffer  from  the  indefiniteness  problem. 

C.  Coupling  to  a  Spinor  and  a  Scalar  Field 

It  was  seen  that  the  BG  system  remained  causal  in 
the  presence  of  electromagnetic  coupling  if  the  total  free 
charge  was  indefinite.  As  well,  the  indefiniteness 
associated  with  some  of  the  anticommutation  relations  was 
found  to  disappear.  It  would  be  interesting  to  see  if  the 
same  sort  of  effects  occur  for  the  interaction  with  a 
scalar  and  a  spinor  field.  As  discussed  in  chapter  III, 
section  B,  this  coupling  with  the  RS  field  suffers  from 
the  same  inconsistencies  as  found  in  the  case  of  minimal 
coupling. 

i)  Investigation  of  Causality 
We  begin  with  the  Lagrangian 

£  =  ^  (r.p  -  B)  %  +  d$  (y  «p  -  Am)^  +  X  (-Y  *P  ~  X 

-  \  (PVPPVP  +  P2P2  )  -  f1*  (a +bY5)P1J’(i  -  iFta  +  t>Y5)PUi(i)J 

-  ftpe  XPVP  -  fiy,xpvp  -  f  <pVp)xeu  y1-  f  CpVp  >  XYV^.  (-5.28) 

y  v  v  v  ^ 

Here,  the  scalar  and  spinor  fields  are  p  and  respectively, 
with  0  given  by 

r4  v 

%v  -  V  -  hVv  • 


■ 


I  I 
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Prabhakaran  et  al  [1975b]  found  that  causality  is  pre- 

3  2 

served,  for  b  =  0,  if  the  choice  d=-^g  is  made.  This 
is  the  same  condition  as  was  found  in  the  case  of  minimal 
coupling,  and  necessarily  makes  the  total  free  charge 
density  of  the  BG  system  indefinite.  We  will  perform  the 
same  calculation  to  see  if  inclusion  of  the  term  has 
any  effect. 

The  equations  of  motion  following  from  the 
Lagrangian  (5.28)  are 

(Y  -p  -  m)ij>y  -  j  (y  PV  +  PyYV)^v  +  j  Yy  (Y  *P  +  m) y 

+  (a  +  by._)p  ip  +  f0  XPVp  =  0  (5.29) 

d  (y -p  -  Xm)  if;  -  (a +by5)  P*^  -  fy^XP^P  =  0  (5.30) 


(y.p-M)x  -  f(pVp)0vy^y  =  0  (5.31) 

(p2-p2)p  +  fpv[^eyvx  +  ^Yvx  +  xevli^y  +  XYv^]  =0  •  <5-32) 

Constraints  are  present  in  (5.29).  Contracting  this 
equation  with  yy  and  py  yields,  respectively, 

P-4-+I  yt|)  +  |  (a-by5)Y-P^  +  2  P  =  0 

\  y  •  pp  •  ip  -  mp-ip  +  Hr  my  •PY-'I'  +  (a  +  bYg)P  'I' 

+  fpy (0yvXPVP>  =  0  • 


(5.34) 
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The  primary  constraint  results  by  taking  the  zeroth  compo¬ 
nent  of  C5.29)  and  using  05.33).  The  result  is 


[p  +  j  yPy]*:5  +  Y*P^a  +  t)Y5)^  = 


v  .  /  2  -*•  ->  x  o 

XP  p  +  Cm  -  ■=*  y  -p) y  ipt 


In  order  for  constraints  to  emerge  from  this,  we  must  have 
0^o  =  O.  We  then  conclude  h  =  0,  and  the  primary  constraint 
becomes 


-*  -> 


(m  -  j  Y  •  P)  Y°^0  +  Pk4>k  =  Y*P(a  +  bY5H  +  fY*XPP 


(5.35) 


2 

Multiplying  (5.33)  by  jY'P  an<^  subtracting  this  from  (5.34) 
yields  the  relation 

p-^  =  §  tYyY*P  "  Py]  X  PPP  •  (5.36) 

To  find  the  secondary  constraint,  solve  for  y*p^  iR  (5.30) 
and  substitute  in  (5.33).  We  obtain 

Y^  =_S{f  U  +  M)p-’(’  +  §f  -  bY5)YvXPVp  +  f  Am(a-bY5H 
+  |  fYuXPWP> 

where  g2  =  a2 + b2  and  p-ip  is  given  by  (5.36). 

We  wish  to  see  if  there  is  causal  propagation  for 
d=--|g2.  Assuming  this  relation,  we  have 

Y.*=-3Ua-bY5)*~  rVXPuP~is  <a-bY5)YVXPvP  •  C5.37) 

We  again  employ  the  shock  wave  formalism  of  Madore  and 
Tait  [1973]  Csee  Appendix  II) .  Denoting  the  magnitude  of 


-  «  ■  '  - 
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the  discontinuity  across  a  characteristic  surface  by  a 
square  bracket,  we  have 


[p  i|>  ] 
y  v 


n  K 
y  v 


[P„  =  n  R 

y  y 

[p,  X  ]  =  n  S 
u  y 

[P,,P  p]  =  n  n  T 

U  V  p  V 


and  t*  J  =  [*]  =  txl  =  [p  p]  =  0  . 

^  y 

In  order  to  see  if  there  is  acausal  propagation,  assume 
the  following  that  n  ^  0. 

Taking  the  discontinuity  of  (5.31)  and  (5.30),  we 

find 

(y.n)S  =  0  S  =  0 


and  dy.nR  =  (a  +  by5)n.K  . 

By  considering  (5.36),  we  have 

n.K  =  |  [Y^YvX(n',n1JT)  -  xn2T]  =  0 

from  which  we  conclude  R  =  0. 

Taking  the  discontinuity  of  (5.32),  we  obtain 
n2T  =  0  =>  T  =  0  . 

Differentiating  (5.37)  and  then  taking  the  discontinuity 
leads  to 

y.K  =  0  . 


in 


< 
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Finally,  taking  the  discontinuity  of  (5.29)  gives 

y-nK  =  0 

y 

from  which  we  conclude  K  =0.  Thus,  all  discontinuities 

y 

2 

vanish  for  n  ^0.  The  characteristic  surfaces  are  there¬ 
fore  those  of  the  lightcone,  and  propagation  is  causal. 

ii)  Calculation  of  the  ETACR 

It  now  remains  to  be  seen  how  the  commutation 

relations  are  affected  in  the  BG  theory  with  a  scalar- 

.  3  2 

spinor  coupling  subject  to  the  condition  d=-j  g  • 

However,  by  considering  the  Lagrangian  (5.28)  and  the 

complicated  nature  of  the  primary  constraint  (5.35),  the 

task  will  be  quite  involved. 

We  can  simplify  matters  extensively  by  using  a 

method,  for  example,  employed  by  Hagen  [1971].  Consider 

the  free  spin  zero  Lagrangian 

X©  =  -  2  [P  pPyp  +  y  p  ]  * 

This  Lagrangian  is  equivalent  to 

r  y  y  .  1  y  122 

lo  =  [PP  %  "  P  Pppl  +2  p  P„  -  2  U  p 

where  p  and  py  are  considered  to  be  independent  fields. 
This  can  be  seen  by  finding  the  field  equations  implied  by 
this  Lagrangian.  Varying  with  respect  to  py  gives 

P  =  P  P 

y  y 

while  varying  with  respect  to  p  gives 


. 

f 
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y  2 

p  Py  =  y  p  . 

Substituting  in  for  p  in  this  last  equation  gives 

r1 

(p2  -  y2)  p  =o 

which  is  the  same  field  equation  as  implied  by  the  original 
Lagrangian.  Hence,  both  are  equivalent. 

The  coupling  of  the  BG  field  to  the  spinor  and 
scalar  field  can  be  effected  by  addition  of  the  inter¬ 
action  term 

•Cint  =-f^Py  -  fpU<V  + 

where 

jU  =  ^X  +  ^  YU  X  • 

Considering  p  and  p^  as  independent  fields,  no  derivative 
terms  appear  explicitly  in  o£^n-k#  The  total  Lagrangian 
is  then 

x=  $P(r-p-B)  V  ip  +  dip  (Y  - P  -  ^m)^  +  X  (Y*P  “  M)  X 

P  ^ 

u  u  v  1  li  12  2 

-  (P  PyP-PP  Pu)  +2  P  pp  "  2  11  p 

J, 

-  (a  +  by5)piJX  -  ^  (a  +  bY5)PU^y  "  f  jypy  “  fPy  ( 

The  kinetic  energy  terms  (those  containing  time  derivatives) 
are 

£k  =-  <t>k+P0<f>k  -  I  *0+P0*0  +  d*V  +  x+Pox  "  P°pop  +  PPopo 
-$°Ca  +  bY5)P0’('  "  iCa  +  bYglp^o  • 
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Since  we  wish  to  examine  the  anticommutation  rela- 

3  2 

tions  for  the  case  d  =-  —  g  ,  we  assume  this  condition  from 
the  outset.  We  can  then  write  l  as,  with  d  =  -l, 

o£k=-4>k  p0<f>k  -  <f>+p0<i>  +  x+p^x-p°p0p  +  pp^p, 


0^0 


where 

<p  =  ip  +  (a  -  by^ )  y°^ 

ID  O 

The  generator  can  now  be  written  down  directly: 


G  =  -i 


•j* 

d3y  { <P^  6Q. 


+ 


<j)  +  6(j)  - 


t 

X  <$X 


+  p  6p  -  p  6  p q } 


Recalling  that  <j>  (x)  is  an  independent  field,  the  anti¬ 
commutation  relations  can  now  be  derived  with  relative 
ease.  The  variation  of  a  field  component  W(x)  is  given  by 


6W(x)  =  i [G, W (x) ] 


+ 


t 


t 


d  y  [  <p  6  <j>,  +  <J>  6  <J>  -  x  6x  +  P  6  p  -  p  6p  ,  W  (x)  ]  .  (5.38) 


In  the  following,  we  shall  assume  that  the  equal-time  anti¬ 
commutators  of  any  of  the  fields  <J>k(y),  <P  (y)  ,  or  x  (y)  with 
(p  n  ( x )  ,  4>  (x)  or  x(x)  vanish. 


With  W(x)  =  p(x)  in  (5.33),  we  find 


[  <J>  (y)  ,  p  (x)  ]  =0 

[<J>f  (y)  ,P (x) ]  =0 

[Xf  Cy)  #p  Cx)  ]  =o 
[p  (y)  /  p  (x)  ]  =o 
[p° (y) ,p (x) ]  =6 (x-y) 


->  ->■ , 


[p (y) , P (x) ]  =  -i6 (x-y)  . 


« 
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For  W(x)  —  p  (x)  ,  we  obtain 
[4>k  Cy)  ,  P°(x)  ]  =0 
[<J>+  (y)  ,p°  Cx)]  =  0 
tx  +  (y)  ,p°tx) ]  =0 

[p° (y) f  p°  Cx) ]  =o 

“[p(y)/p  (x)]  =  S(x-y)  [p(x),p(y)]  =  -is  (x-y)  . 

With  W(x)  =  <j>  (x)  ,  we  get 

{ <l>k  (y)  /  <j>  (x) }  =o 

{<J>f  (y)  r  <P  (x)  }  =  -  5  (x-y) 

(x  +  (y)  /  <t>  (x) }  =o 
[p° (y)  / <j>  (x)  ]  =o 
[p  (y)  ,  <j)  (x)  ]  =  0  . 

For  W(x)  =  x Cx) ,  we  find 

Uk  (y)  f x  (*)  >  =  0 
U  +  (y) ,  x  Cx)  >  =  0 

(x+  (y )  f  X  Cx)  }  =  6  (x-y) 

[p° Cy) ,  X  Cx)]  =o 


[p  Cy) ,  x  Cx)  ] 


o 


<] 
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Finally,  for  W(x)  —  (Jj^Cx),  we  obtain 

=  -  Cg/  -  j  YAYk)«tx-y) 
Cy)  ,<t>z  (.X)  }  =  0 


fx+ (y) f (x) }  =  o 


[p  (y)  ,  (x)  ]  =  o 


[p  (y)  ,<PZ  (x)  ] 


=  o 


(5.39) 


[The  particular  form  of  the  anticommutator  between  cj>  (y) 

and  ^(x)  was  chosen  so  as  to  satisfy  y  cf)^  =  0.  Notice 

. .  *  /  m  1  m.  ,  n  1  nx  n  1  n  , 

that  (gk  "3  YkY  gm  'IV1^  'JV  1 ■ 

These  are  certainly  a  more  desirable  set  of  rela¬ 
tions  than  the  corresponding  ones  found  by  Hagen  [1971] 
for  the  RS  field.  The  fields  X(x)  and  p (x)  satisfy  their 
free  field  commutation  relations.  The  anticommutator  for 
the  spin  3/2  field  (x)  is  positive  definite,  while  the 
"ghost"  field  <p  (x)  has  a  negative  definite  anticommutator. 

However,  let  us  see  what  the  anticommutator  becomes 
for  the  spin  1/2  field 

t  =  ip  -  |  (a  -  by5)  y° 

By  use  of  the  primary  constraint  (5.35), 


->  -V 


i  m(a  +  bYc  )  T  =  P 4>k  +  (f  m-Y-P)  (a  +  bY5)$  -  fy-XPP 


we  can  derive  the  relation 


' 
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2 

{T+ty),T(x)}  =-  [1-  (pp)* 2]i(x-y)  . 

6m 

Thus,  we  find  this  anticommutator  is  indefinite,  just  as 
was  found  in  the  case  of  electromagnetic  coupling,  where 

(Tt(y),T(x)}  =  -  [1  +  ?.g]  6  (x-y)  . 

6mz 

To  find  the  complete  set  of  commutation  relations 
involving  x  (x)  and  y*^(x)  would  require  the  action  prin¬ 
ciple  to  be  applied  for  the  independent  fields  p,  p°, 

4>^.,  x  an<3  r  with  subsequent  use  of  the  primary  constraint 
(5.35)  and  secondary  constraint  (5.37).  However,  from 
noting  the  above  relation  obtained  for  x  (x) ,  we  would 
expect  a  similar  set  to  that  obtained  in  the  case  of 
minimal  coupling  (see  5.27).  It  seems  safe  to  conclude 
that  for  the  scalar-spinor  interaction,  just  as  was  found 
for  minimal  coupling,  the  indefiniteness  of  the  anti¬ 
commutation  relations  for  the  independent  fields  <f>^(x) 
and  <J>  (x)  disappears  but  remains  for  the  two  spin  1/2 
fields  x (x)  and  y*J(x). 


D.  Significance  of  the  Choice  d=-j  g 

In  light  of  the  preceding  work  in  this  chapter,  it 
would  be  interesting  to  know  the  reason  why  the  causality 
problem  and  indefiniteness  of  the  anticommutator  of  the 


independent  field  <J>.  both  disappear  with  the  choice 

d=-~  g2.  In  this  section  we  shall  attempt  to  answer  this 

2 
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question  for  the  case  of  minimal  coupling. 

We  can  gain  an  insight  into  the  significance  of 
the  particular  choice  of  the  coupling  constant  if  we 
examine  the  constraints  present  in  the  theory.  Here  we 
are  considering  equations  of  the  form 

(A  •  tt  -  mD)  ip  =  0  .  (5.40) 

Recall  from  the  discussion  of  constraints  in  chapter  II 
(see  pages  4-9)  that  primary  constraints  emerge  from  the 
singular  nature  of  the  matrix  y°Ao.  As  well,  there  must 
exist  secondary  constraints  on  the  fields  for  spin  s  >  3/2 
if  the  quantization  is  to  be  done  consistently  on  a  posi¬ 
tive  definite  metric.  Now,  when  the  matrix  y°A  is  found 

o 

for  the  BG  system  (see  pages  52-55),  it  was  discovered 

that  the  degeneracy  of  the  zero  eigenvalue  doubled  for 

3  2  .... 

d  =-  2  g  .  From  the  form  of  the  projection  matrix  Pq  m 

this  case,  it  is  seen  that  not  one  but  two  independent 

constraint  equations  will  emerge  when  Pq  is  operated  on 

(5.40).  One  such  constraint  is  the  primary  constraint 

given  by  (5.6), 

(m  -  j  y 'TT) y°^Q  +  -  y -tt  (a  +  by,.  )i|j  =  0  . 

An  additional  primary  constraint  is  actually  the  secondary 
constraint  given  by  (.5.7), 

yip  =  -  3  A  (a  -  by5)  ip 

That  is,  the  secondary  constraint  becomes  a  primary 
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3  2 

constraint  for  the  choice  d=-j  g  .  To  see  this,  note 

that  we  can  derive  this  latter  constraint  without  any 

differentiation  of  the  equations  of  motion  simply  by  sub- 

3  2 

stituting  C5 . 4 )  into  (5.3)  and  assuming  d  =-  j  g  .  The 
absence  of  secondary  constraints  thus  makes  a  consistent 
quantization  on  a  positive  definite  metric  impossible,  as 
was  found. 

The  reason  that  causality  is  preserved  in  this 
situation  can  be  understood  in  view  of  the  work  of  Amar 
and  Dozzio  [1975] .  In  this  paper,  it  was  found  that  causal 
propagation  for  equations  of  the  form 

(a •  tt  -  m) ^  =  0  (5.41) 

exists  if  a°  satisfies  the  minimal  equation 
m  'y  9  r  • 

a°{  H  !(a°)  -  (X.)2]  M  =  0  .  (5.42) 

i=l 

Here,  x.  are  the  non-zero  eigenvalues  of  the  matrix  a°  and 
i 

r.  is  some  positive  integer.  Following  Amar  and  Dozzio 
[1975],  we  can  classify  the  three  types  of  constraints 
associated  with  a°  as 

(a)  the  nondiagonalizability  of  the  block  corres¬ 
ponding  to  non- zero  eigenvalues; 

(b)  the  singularity  of  a°,  if  a°  is  diagonalizable ; 

(c)  the  nondiagonalizability  of  the  block  corres¬ 
ponding  to  the  zero  eigenvalues. 

The  condition  for  causal  propagation  (5.42)  means  that,  m 
the  normal  Jordan  form  of  a°,  the  block  of  the  null  eigen- 
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values  is  required  to  be  diagonalized.  Thus,  constraints 
(a)  and  tb)  do  not  prevent  causal  propagation,  but  cons¬ 
traints  (c)  can  lead  to  difficulties.  This,  however,  does 
not  mean  that  constraints  of  type  (c)  always  lead  to 

acausal  propagation.  In  the  case  of  the  RS  field,  where 
o  2  2 

a  satisfies  Cot°)  [  (a°)  -1]  =0,  they  do.  However,  Capri 

and  Shamaly  [1972]  gave  an  example  of  a  causal  spin  1 

3  2 

theory  whose  minimal  equation  is  (a°)  [  (a°)  -  1]  =0,  and 

thus  contains  type  (c)  constraints.  Thus,  equations  with 
a  nondiagonalizable  null  eigenvalue  block  cannot  be  ruled 
out  on  the  grounds  of  causality. 

In  the  case  of  the  BG  theory,  the  20  x  20  matrix  a° 
has  the  form 


,OvV  ov  ovlvo. 

(a  )P  =Y  -Ypg  -2  Y  gy  + 


(  °\  4 
(a  ) 


/  ,  v  ,  o  o> 

(a  +  bY5)(g  -  YUY  ) 


/  o  \  v 
(a^)  , 


1  (a  +  by5)  gVO 


dX 


(ot°) 


4  1  o 


1  o  v 
J  YpY  Y 


The  eigenvalues  of  ot  are  0,  ±1,  and  ±1/A,  irrespective 
of  the  constants  a,  b  or  d.  The  BG  theory  with  d  >  0 
allows  for  acausal  propagation,  as  was  observed  (see 
equation  5.9).  In  fact,  the  block  of  the  null  eigenvalues 
of  a°  for  d >  0  is  nondiagonalizable  (see  Gupta  [1954])  and 
so  type  (c)  constraints  are  present. 
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On  the  other  hand,  for  d — g^,  it  is  found  that 
a  satisfies  the  minimal  equation 

0° [ (o°) 2  -  1] [(a°)2  -  (i)2]  =  0  . 

Thus,  the  block  of  null  eigenvalues  becomes  diagonalizable 
3  2 

when  d=~2'  9  t  and  type  (c)  constraints  disappear.  The 
condition  for  causal  propagation  (5.42)  is  then  satisfied, 
and  the  propagation  is  causal. 

We  can  now  also  see  why  the  anticommutator  of  the 
field  ^  is  independent  of  the  external  field.  Cox  [1976] 
considered  theories  with  field  equations  of  type  (5.41). 

He  showed  that  for  cases  in  which  a°  is  diagonalizable, 
the  anticommutator  of  the  independent  field  components 
does  not  involve  the  external  field.  This  is  again  not 
to  suggest  that  type  (c)  constraints  always  lead  to  inde¬ 
finite  anticommutation  relations,  but  that  those  theories 

containing  only  type  (a)  and  (b)  constraints  lead  to  no 

3  2 

such  immediate  problems.  For  the  BG  field  with  d  =- ^  9  , 
we  indeed  did  find  the  ETACR  of  the  independent  fields 
<j>,  (x)  and  $  (x)  to  be  independent  of  the  external  field 

K. 

(see  page  59).  However,  the  dependent  field  components 
t (x)  and  y •  (x) ,  not  discussed  by  Cox,  did  have  ETACR  which 

depended  on  the  external  field  and  were  indefinite. 

Hence,  theories  in  which  a°  is  diagonalizable  have 
causal  propagation  and  the  anticommutation  relations  for 
the  independent  field  components  are  not  dependent  on  the 


.  ’ 
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external  field.  However,  the  anticommutation  relations 
for  the  dependent  field  components  may  still  suffer  from 
the  indefiniteness  problem.  The  BG  field  with  indefinite 
total  free  charge  density  is  an  example  where  the  latter 
effect  occurs.  It  would  be  difficult  to  construct  a  con¬ 
sistent  indefinite  metric  theory  for  the  BG  field  due  to 
the  indefinite  anticommutators  still  present. 


CHAPTER  V 


CONCLUSIONS 

Let  us  summarize  the  results  obtained.  We  began 
with  the  free  RS  spin  3/2  Lagrangian.  This  is  a  Lorentz 
covariant  theory,  meaning  that  expressions  derived  from 
this  Lagrangian  assume  the  same  form  in  all  observer 
frames.  However,  when  minimal  coupling  is  introduced, 
two  inconsistencies  immediately  arise.  Interpreted  as  a 
c-number  theory,  propagation  outside  the  lightcone  is 
found  to  exist  for  a  finite  electromagnetic  field.  In 
the  quantized  version,  certain  anticommutators,  which 
should  be  positive  definite  by  definition,  could  in  fact 
become  negative  for  a  sufficiently  strong  electromagnetic 
field.  Thus,  both  postulates  of  special  relativity  -  no 
propagation  of  signals  can  occur  outside  the  lightcone 
and  results  obtained  are  independent  of  the  particular 
Lorentz  frame  used  -  are  seen  to  be  violated.  Minimal 
coupling  is  not  unique  in  this  sense,  as  the  same  effects 
were  noted  for  the  scalar-spinor  interaction.  The  require¬ 
ment  that  a  theory  be  Lorentz  covariant  is  therefore  not 
sufficient  to  guarantee  that  the  postulates  of  special 
relativity  are  satisfied. 

The  close  connection  between  the  problems  of  acau- 
sality  and  the  indefiniteness  of  the  anticommutators  was 
brought  out  again  in  the  two  interactions  considered  in 


76 


77 


chapter  IV.  This  connection  is  further  seen  in  chapter  V, 
where  it  was  found  that  causal  propagation  could  occur  if 
an  indefinite  total  free  charge  is  assumed  for  the  BG 
field.  This  requires  the  use  of  an  indefinite  metric 
upon  quantization.  Although  the  anticommutators  of  the 
independent  fields  are  not  indefinite,  those  of  the  other 
two  spin  1/2  fields  are.  This  makes  the  successful  use  of 
an  indefinite  metric  in  quantizing  the  BG  field  difficult 
to  formulate. 

These  effects  have  also  been  observed  in  at  least 
two  other  formulations  of  spin  3/2  theories.  In  the  Fisk- 
Tait  theory  [19  73]  ,  an  antisymmetric  tensor  spinor  ip  is 
the  basic  field  operator.  Causality  is  preserved  when 
electromagnetic  and  scalar-spinor  interactions  are 
included,  but  the  total  free  charge  is  again  indefinite 
(see  Mathews  et  al  [1979]  and  the  references  listed  there). 
A  system  of  equations  that  describe  particles  of  arbitrary 
spin  without  subsidiary  conditions  has  been  given  by 
Bhabha  ([1945],  [1949]).  (The  field  referred  to  as  the 

BG  field  in  this  work  is  not  among  this  class  of  equations). 
This  system  remains  causal  with  minimal  coupling,  but  an 
indefinite  metric  is  needed  for  quantization  (Krajcik  and 
Nieto  [1976]). 

The  inconsistencies  present  in  field  theories  of 
spin  3/2  also  occur  in  other  higher  spin  theories.  As 
mentioned  in  the  last  paragraph,  an  indefinite  metric  is 
needed  for  quantization  of  the  Bhabha  system  of  equations. 
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At  the  c-numher  level,  Velo  and  Zwanziger  [1969b]  showed 
that  a  spin  1  field  with  an  electric  quadrupole  inter¬ 
action  violates  causality.  As  well,  a  minimally  coupled 
spin  2  field  also  has  acausal  modes  of  propagation.  The 
whole  area  of  field  theories  with  spin  s  >  3/2  is  beset 
with  problems,  the  spin  1  case  being  marginal. 

Given  that  we  violate  the  postulates  of  special 
relativity  when  certain  physically  reasonable  interactions 
are  included  in  higher  spin  theories,  it  seems  reasonable 
to  attempt  to  give  a  physical  explanation  for  the  incon¬ 
sistencies  present  in  these  theories. 

Although  we  can  describe  a  free  particle  of  arbi¬ 
trary  spin  with  no  difficulty,  we  must  ultimately  be  able 
to  derive  quantities  from  the  theory  that  can  be  verified 
experimentally.  This  being  the  main  purpose  of  theoreti¬ 
cal  physics,  we  then  have  to  include  interaction  terms, 
which  are  always  present  in  the  real  world.  Including  such 
terms  in  the  higher  spin  theories  would  seem  to  be  a 
straightforward  extension  to  the  method  used  in  the  cases 
of  lower  spin,  where  results  thus  obtained  are  fairly 
accurate.  The  problems  of  acausality,  indefinite  anti¬ 
commutators,  and  the  possible  need  of  an  indefinite  metric 
encountered  in  higher  spin  interacting  theories  all  draw 
a  clear  distinction  between  particles  of  spin  greater  than 
and  lower  than  3/2.  This  distinction  may  indeed  imply 
that  there  are  no  elementary  particles  of  spin  s  >  3/2. 
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This  view  is  supported  by  a  work  of  Capri  and 
Shamaly  [1976]  .  Here,  it  is  shown  that  if  we  write  the 
equation  of  motion  for  a  field  in  a  pure  spin  state, 

PQ^  =  r 

then  H  will  be  local  for  the  minimally  coupled  spin  0, 

1/2,  and  1  cases.  However,  H  is  non-local  even  in  the 
free  spin  3/2  case.  This  could  be  interpreted  to  mean 
that  the  spin  3/2  particle  has  structure  and  is  therefore 
not  elementary.  The  equations  considered  so  far  have 
assumed  that  higher  spin  particles  were  elementary,  and 
the  problems  associated  with  the  interacting  field  cases 
could  be  explained  by  denial  of  this  initial  assumption. 

In  view  of  the  fact  that  all  leptons  discovered  so  far  are 
of  spin  1/2  and  all  hadrons  seem  to  be  composed  of  spin 
1/2  quarks,  this  seems  to  be  a  physically  reasonable 
explanation  for  the  inconsistencies. 

Taking  the  point  of  view  that  we  can  extract  more 
information  from  a  theory  than  was  originally  put  in,  the 
problems  associated  with  interacting  higher  spin  theories 
suggest  that  no  such  particle  exists  in  nature,  where 
interactions  are  always  present.  However,  a  lingering 
doubt  may  still  persist  in  some  minds.  If  a  higher  spin 
lepton  were  to  be  discovered  in  the  future,  our  whole 
understanding  of  the  mechanisms  behind  including  interac¬ 
tions  for  a  particle  of  arbitrary  spin  would  be  placed  in 
serious  question. 
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APPENDIX  I 


In  this  appendix  we  shall  give  some  basic  proper¬ 
ties  of  spinors.  For  a  more  thorough  treatment  of  spinors 
and  relativistic  wave  equations,  see  Corson  [1955]  and 
Umezawa  [1956] . 

A  spinor  is  defined  on  a  two  dimensional  spin 
space.  Rotations  in  this  space  are  described  by  the 
transformation  laws 


A  B 
-*■  S  B* 


*^A  *  S  \ 

T 5 

where  the  bar  over  S  A  denotes  complex  conjugation.  The 
indices  A,  B  run  from  1  to  2 .  These  can  be  raised  and 
lowered  by  means  of  the  metric  eAB* 


*A  =  €AB * 


B 


ib  .  =  e  .  .  \b 

A  ab  r 


B 


.  B  .  AB 
*  = 


,  B  ,  AB 
ip  =  ^  € 


where 


'AB 


0  1 

-1  0 


=  e 


AB 


four— vector  x^  can  be  associated  with  a  spinor 


X.  by 

AB 


u  1  UAB 
X  =  2°  *AB 


y  .  =  a  .  x 

aAB  yAB 
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where 


,]iAB 


are  the  usual  Pauli  spin  matrices 


■  1  0  1 

'  0  1  ' 

a  ^ .  = 

OAB 

aiAB 

O 

1  0 

■  0  i  ' 

O 

i — ! 

V, _ 

a  .  = 

a  .  = 

2AB 

3AB 

,-i  0  . 

0  -1 

In  particular,  for  p  = i3  we  have 

y  y 


p » _  =  p,.<ju. 

AB  y  AB 


1  AB 

P  =  r  a  .  P 

y  2  yAB 


and 


y  1  AB 

P  P  =  7T  p «  p 
y  2  ab 


If  we  define 


_  A  1  r  BA  BA  , 

S  r  =  T[a  a.  -cr  a.], 
y^  c  2  y  vbc  v  yBC 

then  a  symmetric  spinor  f  can  be  associated  with 
antisymmetric  tensor  F  by 

f  =  i  S  FyV 
AB  8  y v AB 


F  —  c  f  +  S  f 

yv  yv  AB  yv  AB 


an 
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APPENDIX  II 


This  is  a  short  outline  of  the  use  of  character¬ 
istic  surfaces  in  determining  if  acausal  propagation  is 
present  in  a  system  or  not.  For  a  rigorous  treatment  of 
the  method,  see  Courant  and  Hilbert  [1962], 

Consider  a  hyperbolic  system  of  differential  equa¬ 
tions.  The  system  is  supplemented  by  certain  initial 
conditions  on  the  solution.  A  characteristic  surface  may 
be  defined  as  those  initial  surfaces  for  which  the  initial 
value  problem  has  no  unique  solution.  In  Courant  and 
Hilbert  [1962] ,  it  is  shown  that  the  maximum  speed  of 
propagation  of  signals  described  by  the  hyperbolic  equa¬ 
tions  is  given  by  the  slope  of  the  characteristic  surfaces. 

We  illustrate  the  method  by  a  hyperbolic  system  of 
first  order, 

(rap  -  b)  3  ifj  =  o  . 

a  a  Y  3 

Here,  a  =  0,1, 2, 3  while  a  and  3  assume  values  1,2,...N, 
where  N  is  the  number  of  equations  present.  The  term  B 
contains  no  derivatives.  The  normals  to  the  character¬ 
istic  surfaces,  denoted  by  a  four— vector  n  ,  can  be  shown 

M 

to  satisfy  the  equation 

D(n)  =  |(rUiyaB|  =  0  . 

D (n)  is  called  the  characteristic  determinant,  while 
D  (n)  =0  is  the  characteristic  equation.  For  causal  pro¬ 
pagation,  no  timelike  normal  must  satisfy  this  equation. 
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as  the  characteristic  surfaces  would  then  have  spacelike 
tangents  and  propagation  would  occur  outside  the  lightcone 
An  equivalent  way  for  determining  if  acausal  propa¬ 
gation  is  present  has  been  given  by  Madore  and  Tait  [1973] 
This  method  uses  the  fact  that,  across  a  characteristic 

there  exist  discontinuities  in  the  highest  order 
derivative  of  the  solution  of  the  wave  equation  (as  well 
as  all  those  of  higher  order).  Thus,  for  our  example  of 
a  first  order  system. 


(rap. 


-  B) 


3 

a 


=  0 


we  have 


=  0 


[puV]  =  Ve 


The  square  bracket  denotes  the  magnitude  of  the  discon¬ 
tinuity  across  the  characteristic  surface.  The  normals 
to  the  surface  are  again  represented  by  n  ,  while  K„  is 
a  differentiable  function  of  the  coordinates.  The  discon¬ 
tinuity  of  the  second  and  higher  order  derivatives  of 
across  a  characteristic  surface  becomes  an  increasingly 
lengthy  expression  (see  Madore  and  Tait  [1973]).  The 
discontinuities  of  the  derivatives  of  the  solution  will 
propagate  along  the  characteristic  surface. 
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